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Abstract In all prior electromagnetic modeling studies of carbon nanotube (CNT) composites, the exact three-dimensional (3D) 
shape and spatial distribution of the CNTs in the composite were unknown. Therefore, simplifying assumptions had to be made 
regarding the CNT distributions. The effect of such assumptions on the electromagnetic response of CNT composites has not been 
quantified. Recent advances in electron-tomography and image analysis have allowed the generation of 3D maps of multi-walled 
carbon nanotube (MWCNT) distributions with sub-nanometer resolution. In this work, the electromagnetic responses of 
experimentally mapped 3D structures of aligned-CNT polymer nanocomposites were calculated using both full-wave 
electromagnetic solvers and dilute-limit Effective Medium Approximations (EMA). Our results show that the electromagnetic 
response calculated using the full-wave solver exhibits additional resonances that are absent in the response calculated using the 
dilute-limit EMA.  This difference is due to the strong electromagnetic coupling between adjacent MWCNTs, within five CNT 
radii, of each other. Using the mapped 3D MWCNTs, we also studied the anisotropy in the electromagnetic response of the 
composites and showed that it increases with the MWCNT volume fraction. The full-wave analysis presented in this work provides 
a more accurate understanding of the electromagnetic reflection and anisotropy of CNT composites. 
 
Index Terms—Nanocomposites, Carbon nanotubes, Electromagnetic modeling Nanophotonics, Nanowires, Electromagnetic shielding, 
Reflection Coefficient, Nonhomogeneous media, Computational Electromagnetics. 
  
 
 

I. INTRODUCTION1 

ARBON nanotubes (CNTs) are considered the 
additive of choice in a wide range of applications due to 

their exceptional electrical, mechanical, chemical, and 
biological properties. In many cases, CNTs are added to a 
polymer matrix to create a composite with enhanced 
2properties that cannot be achieved by the components on 
their own. One of the recent applications of CNT composites 
is as advanced electromagnetic shielding films [1]. In 
shielding applications, the goal is to create a lightweight 
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composite with considerable shielding in the microwave 
range. Here, CNTs are added to a low-density polymer, 
which is transparent in its undoped state to microwave 
radiation, to create a light and tunable composite with high 
shielding effectiveness [1], [2]. CNT composites have also 
recently been proposed for thermotherapy [3]. In this case, 
the goal is to develop a composite that is stretchable, stable, 
and can still achieve fast electrical heating [3]. Kim et al. 
recently demonstrated a multi-walled carbon nanotube 
(MWCNT) silicon emulsion composite with a fast-heating 
behavior of up to 4.8 ◦C/s that can be maintained over 100 
cycles [3]. The thermal properties of the composites can be 
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tuned by varying the density of the CNTs [4]. For example, 
Marconnet et al. reported a greater than linear increase in the 
overall thermal conductivity of the composite with a linear 
increase in CNT volume fraction [4]. Several other studies 
have recently shown that MWCNT composites can be used 
as multifunctional scaffolds for the tissue engineering of 
cardiac muscle cells called cardiomyocytes [5].  In addition 
to improving the mechanical properties and the structural 
integrity of the scaffold, the conductivity of the MWCNTs 
improved the electrical stimulation and conductivity of the 
grown cardiomyocytes [5]. One of the main applications of 
CNT composites is as sensors in a wide variety of chemical 
and biological applications [6]. For example, Liu et al. 
reported sensors fabricated from CNT composites for 
detecting acid penetration. The response time of the sensor 
was found to be dependent on the concentration of the CNT 
additives added to the composite [6]. The previous examples 
represent a small sample of the CNT composite applications 
currently being pursued. Additional examples can be found 
in several reviews such as in [7], [8].  

In all of these applications, the desired functionality is 
highly dependent on the properties of the CNT additives and 
their exact distribution or dispersion in the composite [1], 
[9], [2]. Hence, an accurate non-contact method for the 
evaluation of CNT properties and distribution is important to 
advance all of these applications. Recently, the use of 
electromagnetic waves in the microwave, millimeter, and 
THz range have been evaluated, experimentally and 
computationally, as techniques for the nondestructive 
evaluation (NDE) of CNT composites [10]–[16]. However, 
for these NDE techniques to be successful, the correlation 
between CNT properties/distributions and the 
electromagnetic response needs to be accurately delineated. 
Different methods have been investigated to calculate the 
electromagnetic response of CNT composites with a 
particular CNT distribution [17]. In these studies, the exact 
three-dimensional (3D) distribution of the CNTs in the 
composite was unknown. Therefore, the CNTs were 
assumed to be all perfectly aligned [18]–[20] or to be 
randomly oriented [17].  

Moreover, the relationship between the overall electrical 
properties of the composites and the conductivity of a single 
CNT were assumed to obey the dilute limit effective medium 
approximations (EMA) such as the Waterman-Truell [18]–
[20] or the Maxwell Garnett formulations [21]. These 
assumptions were used in the retrieval of the conductivity of 
a single CNT from the experimentally measured 
electromagnetic response of a composite containing 
thousands or millions of CNTs [17]–[21]. However, to the 
best of our knowledge, the accuracy of these assumptions has 
not been quantified. To this end, the primary goal of this 
paper is to investigate the accuracy of the electromagnetic 
response calculated using the dilute limit EMA of a 
simplified CNT distribution by comparing against the full-
wave electromagnetic response of a realistic CNT 
distribution.  

This comparison has thus far been difficult to carry out 

since the exact 3D CNT geometries and distributions in a 
composite have been inaccessible. CNT composites are 
typically characterized using 2D scanning electron 
microscopy (SEM) and/or transmission electron microscopy 
(TEM) images, which only provide 2D projections or cross-
sections of the complex 3D CNT distributions [22]. 
However, in a seminal study by Natarajan et al., high-quality 
3D reconstructions of the morphology and distribution of 
MWCNTs in a composite, with nanoscale resolution, were 
achieved using electron tomography [23]. This tomography 
study provided extensive information regarding the shape, 
alignment, and level of waviness of each CNT, and 
quantified the evolution of these parameters with increasing 
MWCNT volume fraction [23].  

In this work, we use these innovative 3D maps as 
numerical testbeds for calculating the electromagnetic 
response of CNT composites. That is, we assign the same 
conductivity value to all the MWCNTs in the reconstructed 
composite, simulate the composite using multiple full-wave 
solvers, and then investigate how much the calculated 
response agrees with the commonly employed EMA 
response. This comparison will allow us to predict, with 
higher accuracy, the electromagnetic response of CNT 
composites. Moreover, the EMA is currently employed to 
interpret experimental measurements and, therefore, by 
quantifying its limitations we can more accurately interpret 
experimental measurements on CNT composites.  

This paper is organized as follows. Section II describes the 
process of fabricating composites with highly aligned 
MWCNTs and the steps used for the 3D electron 
tomographic imaging of the composite. Section III describes 
the different conductivity models used for each CNT. In 
Section IV, the calculation of the electromagnetic response 
of MWCNT composites using full-wave techniques and 
using the EMA is presented and discussed.  Computational 
results are presented in Section V and Conclusions and future 
work are discussed in Section VI.  

 

II. FABRICATION AND 3D ELECTRON TOMOGRAPHY OF 

MWCNT COMPOSITES 

Different applications require CNTs with different sizes, 
shapes, distributions, and volume fractions inside an 
embedding matrix. Volume fraction is a dimensionless 
quantity, which is calculated by dividing the total volume of 
the CNTs by the overall volume of the composite. That is, 
volume fraction is a measure of the CNT concentration in the 
composite. Numerous techniques have been developed to 
fabricate CNT composites while controlling the 
aforementioned parameters [24]–[28]. In many cases, highly 
aligned CNTs are desired to improve the overall mechanical 
and electrical properties of the composite [28]–[30].  The 3D 
MWCNT composites studied in this work were fabricated 
using a process similar to the one summarized in Fig. 1 as 
detailed in [24]. Briefly, chemical vapor deposition (CVD) 
was used to grow forests of millimeter-long highly aligned 
MWCNTs on a silicon substrate. The MWCNTs have an 
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average outer radius of approximately 3.83 ± 0.44 nm and an 
inner radius of 2.5 nm. In all subsequent analysis, we will 
assume that the MWCNTs have an outer radius of 3.86 nm 
and an inner radius of 2.5 nm, which will yield 
approximately 5 walls per tube assuming that the inter-wall 
spacing is 0.34 nm, the interlayer spacing in graphite [31]. 
The MWCNT forest had an approximate volume fraction of 
0.5 % [24]. To increase the volume fraction, the MWCNT 
forest was detached from the silicon substrate and 
densification was performed by applying mechanical 
compression from the two directions perpendicular to the 
axis of the MWCNTs, to bring the MWCNTs closer together 
as shown in Fig. 1 [24]. The advantage of this fabrication 
technique is that by tuning the mechanical compression, a 
wide range of MWCNT volume fractions could be achieved 
[24]. The densified MWCNT forest was then infiltrated with 
a liquid aerospace-grade epoxy, which was absorbed through 
the voids between the MWCNTs via capillary effects. The 
mixture was then cured and polished to finish the preparation 
of the MWCNT-epoxy composite.  

Following their fabrication, four composites with different 
MWCNT volume fractions were imaged using 3D 
quantitative electron tomography [32]. The MWCNT 
samples were sliced using focused ion beam milling into 200 
nm thick layers to facilitate TEM imaging. Gold 
nanoparticles, 5 nm in radius, were added to the MWCNT 
composite to act as image alignment markers. Multiple 
images were collected by tilting the sample at multiple 
angles. However, because of limitations in the hardware 
setup, the sample could not be rotated a full 360◦ to get 
images from every possible angle and views were lacking 
over a total of 120◦, from -60◦ to +60◦. Inspite of this limited 
view, these images were stacked to create a detailed 3D map 
of the MWCNTs in the composite using the simultaneous 
iterative reconstruction technique (SIRT) and the gold 
nanoparticles for alignment [23].  The images were 
segmented to identify the coordinates of the MWCNTs using 

an automated technique developed in [23]. Figure 2(a) shows 
one example of the experimentally reconstructed MWCNT 
map obtained by imaging an 800 nm × 800 nm × 200 nm 
volume of the fabricated composite. The variations in the 
radii of the MWCNTs were much smaller than the variations 
in their lengths. Therefore, all MWCNTs were assumed to 
have the same previously mentioned values for their radii. 
They are shown using a set of different colors in Fig. 2(a) for 
visual clarity and to facilitate the identification of different 
MWCNTs, for a total of 232 MWCNTs. The composite in 
Fig. 2 had a total MWCNT volume fraction of 0.5% which 
was calculated by adding up the total volume of the 232 
reconstructed MWCNTs and dividing by the volume of the 
unit cell, 800 nm × 800 nm × 200 nm = 1.28×108 nm3. Other 
ways to calculate the MWCNT volume fraction in a 
composite is the weight method [23]. In the weight method, 
the mass of the composite after the MWCNTs are added is 
compared to the mass of an empty epoxy substrate with a 
similar size. The difference between the two masses will be 
the mass of the MWCNTs only, which when divided by the 
mass of the composite will provide the weight fraction of the 
MWCNTs. The knowledge of the densities of the MWCNTs 
and that of epoxy can be then used to convert this weight 
fraction into volume fraction [23]. However, the weight 
method contains many uncertainties and calculating the 
volume fraction from the reconstructed 3D distribution of the 
MWCNTs, similar to Fig. 2a, provides a more accurate 
estimate of the true volume fraction [23].  

The length distribution of these tubes is plotted in Fig. 
2(b), which shows that most of the MWCNTs have contour 
lengths that are less than 100 nm and that few MWCNTs are 
longer than 200 nm. The MWCNTs in the fabricated sample 
were significantly longer than the ones shown in Fig. 2. 
However, 3D electron tomography is limited to imaging 
small domains similar to the region studied in Fig. 2 [23]. 
Therefore, some of the MWCNTs seen in the reconstructions 
in Fig. 2 might be sections of longer MWCNTs. However, 
the main advantage of the 3D reconstructed maps is to show 
the true shape of the MWCNTs and the fact that they are not 
all perfectly straight and aligned. Moreover, the 3D 
reconstructed maps quantify how close the MWCNTs are to 
each other and how this closeness varies with the MWCNT 
volume fraction. The waviness of the MWCNTs and their 
closeness to each other has a significant impact on the 
electromagnetic response as will be discussed in the 
following sections. Also, many of the reconstructed 
MWCNTs, started and ended within the imaging domain of 
the electron tomography, away from the boundaries, 
indicating that they represented a complete MWCNT and not 
just a section. Therefore, we opted for modeling the 
reconstructed distribution in Fig. 2 since it accurately 
represents the waviness, alignment, and the spacing between 
the MWCNTs. However, in Section V, we will also simulate 
longer MWCNTs, artificially generated to qualitatively 
resemble the shapes in Fig. 2, in order to have insight on the 
response of MWCNTs comparable in length to the originally 
manufactured composite.   

Fig. 1: Fabrication steps of the composites studied in this paper showing
how the density of the MWCNTs was increased via biaxial mechanical 
forces.
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The MWCNTs in Fig. 2(a) are highly aligned with the 
Longitudinal “L” axis and are actually straighter than most 
commercial and research-grade MWCNT composites [24]. 
However, it is clear from the figure that none of the 
MWCNTs are perfectly straight and that some of them are 
misaligned. Moreover, the MWCNTs cannot be thought of 
as perfectly randomly oriented since there is a general 
alignment with the “L” axis. In other words, these MWCNTs 
exhibit complex geometries and distributions that differ from 
the simple assumptions that are typically used in describing 
the distribution of MWCNTs in composites. Our goal is to 
quantify the differences between the electromagnetic 
response calculated using the exact MWCNT geometries and 
distributions in Fig. 2(a) versus that calculated under the 
assumption that all the MWCNTs are perfectly aligned. The 
frequency range of interest is from microwaves to the upper 
Terahertz (THz) region (1 GHz to 30 THz), or wavelengths 
varying from the centimeter to the micrometer range.  

Typically the incident waveform can be focused into a 
spotsize that is proportional to the wavelength. Therefore, the 
imaged volume should ideally have dimensions that are 
comparable to the wavelength of the incident 
electromagnetic radiations. However, the 3D electron 
tomography of such a huge volume with sub-nanometer 
resolution is unrealistic [23]. Nevertheless, we performed 
reconstruction of regions with similar volumes to that shown 
in Fig. 2(a) from different parts of the composite and 
quantitative assessments demonstrated that the map shown 
in Fig 2(a) is a good representation of the MWCNT 
distribution in the rest of the composite [23]. Therefore, 
periodic boundary conditions are enforced on the 
reconstructed MWCNT map to extend its spatial content to 
infinity, emulating MWCNT laminates whose lateral 
dimensions are significantly larger than their thickness. A 
representation of this infinitely periodic structure is shown in 
Fig. 2(c).  

III. COMPUTATIONAL MODELING 

A. Conductivity Models of MWCNT 

For simplicity, we assume that all MWCNTs in the 

composite have the same conductivity, since the main goal 
of this work is to investigate how the shape and distribution 
of the MWCNTs affect composite electromagnetic 
properties. It is challenging to experimentally measure the 
conductivity of individual MWCNTs, especially after the 
MWCNTs are mixed with epoxy to form the composite. 
Therefore, we will investigate multiple values for the 
MWCNT conductivity to cover the range of values reported 
in various theoretical models (see [31], [32] for example). In 
a practical sample, different MWCNTs might have different 
conductivities. However, as a starting point, we will assume 
that within one sample all MWCNTs have the same 
conductivity similar to the previously reported analyses 
where the conductivity of all CNTs in the composites were 
assumed to be the same [21]. 

In general, most fabricated CNT samples contain both 
metallic and semiconducting tubes. Recently several studies 
have reported different techniques to enforce the selection of 
either metallic walls or semiconducting walls during 
fabrication [33]. Etching using oxygen or water vapor is 
typically employed to remove metallic CNTs from a 
fabricated sample due to the higher reactivity of the metallic 
CNTs [33]. On the other hand, the removal of 
semiconducting CNTs from a sample is typically achieved 
by optimizing the annealing process of the catalysts used to 
grow the CNTs [33]. However, in this work, no conditions 
were enforced in the fabrication process to favor metallic or 
semiconducting CNTs. 

Dividing the difference between the outer (3.86 nm) and 
internal (2.5 nm) radii of the MWCNT with graphite’s 
interlayer separation of 0.34 nm gives 5 walls per each 
MWCNT. If we assume that the inner wall has a radius of 
exactly 2.5 nm, then the walls of the MWCNTs will have the 
following radii: {2.5 nm, 2.84 nm, 3.18 nm, 3.52 nm, 3.86 
nm}. Each radius corresponds to a different wall with a 
different structure. The structure of a CNT wall is typically 
defined by its chirality, which is defined by two integer 
indices, (n, m) with n ≥ m by convention [34]. The chirality 
can be a strong determinant of the wall’s electrical and 
mechanical properties [34]. However, the relationship 
between the radius of a wall and its chirality is not unique. 

 
Fig. 2: Multi-wall carbon nanotube (MWCNT) morphological information: (a) Experimentally reconstructed map showing the line-contours of 232 MWCNTs in a composite. The 
MWCNTs occupy 0.5 % of the total volume of the composite and are shown in a set of different colors to facilitate identifying close but separate MWCNTs, (b) Histogram showing 
the MWCNT lengths distribution, (c)  a sketch showing the effective MWCNT composite simulated after enforcing double periodic boundary conditions. The MWCNTs enclosed in 
the box in the center show the unit cell in Fig. 2a and the arrows Ei, Hi, and k indicate the directions of the electric field, magnetic field, and incident wave, respectively.   
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That is, many different CNT chiralities can yield exactly the 
same radius [34]. In this paper, we reconstructed the radii of 
the walls constituting the MWCNT with high accuracy but 
the exact chirality of each wall was ambiguous. Therefore, 
Table I lists all possible chiralities that provide the same 
radius as the walls constituting the MWCNT. That is, for 
every one of the five walls, we searched for all possible 
chiralities within ± 0.1% of its radius and listed these 
chiralities in Table I.  

Based on the chirality, each of the MWCNT walls can be 
metallic or semiconducting. CNT walls can be metallic or 
semiconducting based on the chirality values (n, m) with n ≥ 
m by convention. If the difference (n - m) is divisible by three 
then the wall is metallic; otherwise, it is semiconducting 
[34]. The chiralities in Table I are divided into 
semiconducting and metallic walls based on this condition. 
The significance of Table I is to show that there is at least 
one possible chirality to make each wall metallic or 
semiconducting. 

In an uncontrolled growth, there is a probability that all 5 
MWCNTs walls are metallic or all of them are 
semiconducting. However, on average one-third of the walls 
are usually metallic since statistically only chiralities with (n 
- m) divisible by three are metallic. Therefore, on average, 
approximately two walls out of the five in Table I will be 
metallic and three will be semiconducting [32]. However, to 
cover all possible MWCNT conductivities, we are going to 
study two configurations. In the first configuration, each 
MWCNT will have 5 metallic walls as shown in Fig. 3a. In 
the second configuration, each MWCNT will have only two 
metallic walls, primarily wall 2 and wall 5, and the three 
other walls will be semiconducting, Fig. 3b-3d. These two 
cases are similar to the two cases considered in the study of 
MWCNT as waveguides and antennas reported in [32].  

Semiconducting walls have significantly lower 
conductivities than the metallic walls and, therefore, their 
contribution can be neglected in the microwave and terahertz 
range [20], [35], [36]. As for the metallic walls, different 
chiralities with the same radius have approximately the same 
conductivity, as discussed in [34]–[36]. That is, chiralities 
(56, 26) and (67, 10) have the same radius of 2.84 nm and 
they will have the same conductivity. Therefore, determining 

which walls are metallic and the knowledge of the radius of 
each wall is sufficient to determine the conductivity of each 
wall and to define the overall conductivity of the MWCNT, 
as will be defined in the following semi-classical analysis.  

In this work, we will only focus on the frequency range 
between 1 GHz to 30 THz, where the inter-band conductivity 
of the CNT walls can be typically neglected [35], [36]. Using 
a semi-classical approach, the intra-band surface 
conductivity of the wth wall in the MWCNT, σw, can be 
expressed as [35], [36]: 
 
𝜎  

𝑗𝑒
2π 𝑅 ћ 𝜔 𝑗/τ

𝜕𝜀 𝑝 , 𝑠
𝜕𝑝

𝜕𝜌 𝑝 , 𝑠
𝜕𝑝

𝑑𝑝        1  

 
where j is the square root of -1, e is the charge of an electron, 
Rw is the radius of the wth wall which can be calculated in 
terms of the wall’s chirality (n, m) as Rw = 
((b√3)/(2π))√(n2+nm+m2), ћ is the reduced Planck’s 
constant, ω is the radial frequency, τ is the electron relaxation 
time, n is the CNT chirality index (n, m), 𝜀 𝑝 , 𝑠  is the 
energy dispersion relationship of the conduction band, 
𝜀 𝑝 , 𝑠  is the energy dispersion relationship of the valence 
band, pz is the momentum component along the axis of the 
carbon nanotube, and 𝜌 𝑝 , 𝑠 𝐹 𝜀 𝑝 , 𝑠
𝐹 𝜀 𝑝 , 𝑠 , where 𝐹 𝜀 𝑝 , 𝑠  represents the Fermi 
distribution. For chiralities with small n and m values, the 
intra-band surface conductivity of a single CNT wall can be 
approximated using the Drude-like expression [35], [36]: 
 
 

𝜎 𝑗
3𝑏𝛾 𝑒

π 𝑅 ћ 𝜔 𝑗/τ
                                      2  

 
where b is the carbon interatomic distance (b = 0.142 nm) 
and γ0 = 2.7 eV. The relaxation time τ can be expressed as 
[31], [37]: 
 

τ ν
𝑅
𝜁𝑇𝑒

                                                    3  

 

Table I: Chiralities that match the MWCNT radii experimentally measured from the composite. 
Wall Radius Semiconducting 

Chiralities (n, m) 
Metallic Chiralities (n, m) 

1 2.5 nm (50,22), (55,15) (57,12) 
2 2.84 nm (51,32), (59,22), (71,3), 

(72,1) 
(56,26), (67,10) 

3 3.18 nm (62,30), (68,22), (72,16), 
(74,13) 

(57,36), (65,26), (70,19), 
(77,8), (78,6) 

4 3.52 nm (63,40), (68,34), (71,30), 
(82,14), (85,9) 

(62,41), (74,26) 

5 3.86 nm (68,45), (69,44), (77,34), 
(85,23), (87,20), (92,12), 

(95,7), (96,5), (97,3), 
(98,1) 

(74,38), (83,26), (89,17) 
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where ν is the relaxation frequency, Te is the temperature, 
and ζ is a fitting parameter to be determined typically 
experimentally [37]. Since τ is dependent on the radius of the 
wall as shown in (3), different walls in an MWCNT will have 
different relaxation times due to variations in their radii. The 
Drude model approximation in (2) yields accurate 
conductivity results, for the chiralities used in this work as 
shown in Table 1, within 0.5 % of the values calculated by 
the model in (1). The τ values reported in the literature 
typically vary in the 10-14 s - 10-12 s range [18]-[20] and [37]-
[38].  To cover the variations in the relaxation time, τ, 
reported in the literature, three values of ζ were investigated: 
6 m/Ks, 60 m/Ks, and 600 m/Ks for the metallic wall 
configurations in Fig. 3 [37], [38]. Table II shows the ζ 
values and the corresponding relaxation time for the 5th wall, 
τ5. The other 4 walls will have a lower relaxation time due to 
their smaller radius as indicated by (3). Table II shows that 
the higher the value of ζ, the lower the relaxation time τ, and 
the lower the DC conductivity of the CNT wall. Table II also 
shows that our choice of the ζ parameter yields τ values in 
the 10-14 s - 10-12 s range similar to the values commonly 
reported in the literature [18]-[20] and [37]-[38]. 

In summary, the conductivity of an individual MWCNT 
will vary according to the number of metallic walls and the 
value of the relaxation time assigned to these metallic walls. 
In total, four different conductivity permutations were used 
in the computational experiments conducted in this work. 
These four cases are summarized in Table II and Fig. 3. 

The overall effective bulk conductivity of an MWCNT, 
σ3D, can be estimated by adding in parallel the individual 
surface conductivities of its walls, σw, as follows [31]: 

 

𝜎
2
𝑅

𝑅 𝜎                                   4  

 
where R5 is the radius of the outer wall of the MWCNT, 3.86 
nm. Figure 4(a) and Figure 4(b) show the real and imaginary 
parts of σ3D, respectively, for the four cases described in 
Table II. The corresponding complex relative dielectric 
permittivity, 𝜀 , of the MWCNT can be expressed as: 
 

𝜀 1 𝑗
𝜎
𝜔𝜖

                             5  

 
Note that since the conductivity σ3D is complex, the overall 
real part of εr is nonunity. Figure 4(c) and Figure 4(d) show 
the real and imaginary parts of 𝜎 , respectively, for the four 
cases described in Table II. Without loss of generality, the 
MWCNTs will be assumed to be embedded in air forming a 
network or a thin film. That is, the relative permittivity of the 
embedding medium is unity, εh = 1. In the future, we plan to 
extend our study to MWCNTs embedded in polymer 
laminates with different permittivities and dimensions. 
 

B. Electromagnetic Modeling of MWCNT Composites 

 
Full-Wave Response 

Full-wave electromagnetic analysis provides the most 
accurate but the most computationally complex approach for 
calculating the electromagnetic response of the MWCNT 
composites. To validate our results, we used two independent 
commercial full-wave electromagnetic solvers to calculate 
the electromagnetic response of the MWCNT composites: (i) 
FEKO, a Method of Moments (MOM) based solver [39] and 
(ii) CST Microwave Studio (MWS), a FEM based solver 
[40]. We used both FEKO and CST MWS to calculate the 
electromagnetic response of the composite shown in Fig. 2. 
Due to the complexity and the large number of MWCNTs in 
the composite, some of the computational simulations 
required several hours and even several days to complete. 
Therefore, in our validation example, we only included the 
10 longest MWCNTs in the sample in Fig. 2 and we 
simulated the ensuing composite using both FEKO and CST 
MWS. However, the MWCNTs were simulated with their 
exact reconstructed shapes and locations. The simulated 
geometry is shown in Fig. 5(a) alongside with the incident 
electric field which is in the vertical direction as shown by 
the green arrow. The incoming wave is propagating in the 

Table II: Description of MWCNT conductivity models used (see Fig. 
3). 

Case # of Metallic/# 
of Semi-

Conducting 
Walls 

Relaxation-Time 
Param. for 

metallic walls 𝜻 
𝐦/𝐊𝐬  

τ5 (10-12 

s)  

A 5/0 6 2.2  
B 2/3 6 2.2 
C 2/3 60 0.22 
D 2/3 600 0.022 

Fig. 3: A sketch showing the four MWCNT conductivities studied in this
work: (a) five metallic walls in solid black with large relaxation time, (b)
two metallic walls, shown in solid black, and three semiconducting walls,
shown in dashed red, with large relaxation time, (c) two metallic walls and
three semiconducting walls with an intermediate relaxation time, and (d)
two metallic walls and three semiconducting walls with a small relaxation
time.
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direction perpendicular to the plane shown in Fig. 5a. 
Periodic boundary conditions were enforced in the “L” and 
“T” directions to create a composite composed of an infinite 
array of the unit cell shown in Fig. 5(a). The size of the unit 
cell in “L” and “T” is 882 nm × 910 nm. In the z-direction, 
the direction perpendicular to the infinite plane in Fig. 1c, the 

MWCNTs were distributed over a distance of 185 nm giving 
the composite an effective thickness of 185 nm. That is, the 
highest MWCNT pixel in the composite was placed at a 
height z = 0 nm and the deepest MWCNT pixel was located 
at z = -185 nm. The conductivity model described as Case A 
(all walls metallic and large relaxations time) in Table II was 

Fig 4: Effective bulk conductivity of a single MWCNT for the different cases considered in Table II and Fig. 3: (a) Real part of the overall effective bulk 
conductivity, σ3D, of a MWCNT, (b) imaginary part of σ3D of a MWCNT, (c) Real part of the overall complex relative dielectric permittivity of the MWCNT, 
and (d) imaginary part of the overall complex relative dielectric permittivity of the MWCNT.  

 

 
Fig 5: Validation results: (a) Unit cell showing only the longest 10 MWCNTs simulated using both FEKO and CST MWS. The incident electric field is in 
the vertical direction as shown by the green arrow, (b) Magnitude of the reflection coefficient, and (c) Phase of the reflection coefficient as calculated from 
the composite whose unit cell is shown in Fig. 5a. 
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assigned to each MWCNT. 
The array was excited using a plane wave propagating 

normal to the array, in the z-direction, and the polarization 
was parallel to the “L” axis, as indicated in Fig. 5(a). The 
magnitude and phase of the reflection from the composite 
were then calculated at z = 0 nm using both FEKO and CST 
MWS and plotted in Fig 5(b) and Fig. 5(c), respectively. 
Excellent agreement between the magnitude and phase of the 
reflection coefficient is achieved between both independent 
solvers, FEKO and CST MWS, validating our results. 
Similar agreements were achieved for different MWCNT 
distributions and different conductivity models. Therefore, in 
the following sections, only the CST MWS results will be 
presented. 
 
Dilute Limit Effective Medium Approximation 

The dilute limit EMA does not require the knowledge of 
the exact distribution of the inclusions in the composite but 
only their volume fraction and orientation. Therefore, in 
most reported studies, the effective dielectric properties of a 
composite were estimated using the dilute limit EMA, since 
the exact shapes and distributions of the composite were 
inaccessible. The first step in most EMAs typically involves 
calculating the polarizability of each MWCNT. The 
polarizability of an arbitrary shaped MWCNT can be 
evaluated using the MOM for Arbitrary Thin Wire (ATW) 
approach [12], [13], [41] as: 

 

𝛂
𝑗

𝜔𝜀
𝐉 ℓ 𝑑ℓ                                                6  

 
where ε0 is the permittivity of free space, J(ℓ) is the MWCNT 
axial current due to an incident excitation, and L is the length 
of the MWCNT. Equation (6) summarizes the nine 
components of the polarizability tensor, of which six are 
independent. For example, to calculate the αxy component, 
the incident electric field is set in the x-direction and the y-
component of the axial current J(ℓ) is selected in the 
integration in (6) [12]. The MWCNTs in the samples 
considered in this work have a general alignment with the 
“L” axis as shown in Fig. 2. Therefore, for comparison with 
the full-wave simulation, the electric field polarization was 
parallel to the “L” axis and the parallel polarization of the 
reflected wave was selected. Several studies have shown that 
for straight CNTs, the polarizability in (6) can be 
approximated with high accuracy using the polarizability of 
a prolate ellipsoid as follows [18]: 
 

𝛼
4𝜋𝑎 𝑎 𝑎

3
𝜀 ω 𝜀

𝜀 𝐷 𝜀 ω 𝜀
           7  

  
where α is the polarizability component parallel to the 
length of the CNT. The parameters a1, a2, and a3 are the 
radii of the ellipsoid and for the case of MWCNTs they 
can be approximated as a1 = a2 = R5 and a3 = L/2. The 
parameter 𝐷 is the depolarization factor that can be 

calculated along the major axis of the prolate ellipsoid 
as [18]:  
 

𝐷
𝑥

2 𝑥 1
1

√𝑥 1
𝑙𝑛

𝑥 √𝑥 1

𝑥 √𝑥 1
2
𝑥

                                                         8𝑎  

 

𝑥
𝐿

2𝑅
                                              8𝑏  

 
The parameter 𝜀  represents the relative dielectric 
permittivity of the surrounding medium, assumed to be 
air in this work (𝜀 1), and 𝜀 ω  is the dielectric 
constant of the MWCNT, which can be calculated using 
(5). The polarizability approximation in (7-8) provides a 
good approximation for the polarizability of straight 
MWCNTs [18]. The MWCNTs in the samples 
considered herein are fabricated to be highly aligned 
and, therefore, they can be considered to be “practically” 
straight. However, several of the MWCNTs show 
relatively high curvature, as shown in Fig. 2. Therefore, 
by employing the approximation in (7-8) we will test the 
validity of the assumption that MWCNTs can be 
considered straight in practical composites with highly 
aligned MWCNTs.   

Using either (6) or (7) for the polarizability α, the 
effective relative permittivity of the composite can be 
estimated using the dilute limit EMA. In this work, the 
Waterman-Truell Formula for EMA is used to calculate 
the effective dielectric permittivity of the composite as 
follows: 
 

ε 𝜀 𝛼 𝜔, 𝐿 𝜙 𝐿                              9  

 
where Li is the length of MWCNT i, N is the number of 
MWCNTs in the unit cell (N = 232 in the sample in Fig. 
2), and 𝜙 𝐿  is the volume fraction of MWCNT i 
calculated by dividing the volume of MWCNT i with the 
volume of the unit cell. Using 𝜀  and the presumed 
thickness of the sample, the overall reflection from the 
composite, R, due to a plane wave at normal incidence, 
can be calculated using the Nicholson and Ross 
equations as follows: 
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where T is the transmission coefficient at the top 
interface of the effective composite, Γ is the reflection 
coefficient at the air/composite interface, d is the 
thickness of the composite, and μ0 is the magnetic 
permeability of free space. Even though in our 
simulations the MWCNTs were embedded in free space, 
an effective thickness of the composite was designated 
as the difference between the height of the highest 
segment of the top MWCNT and the height of the lowest 
segment of the bottom MWCNT.  

The main limitation of the dilute limit EMA in (9) is that it 
ignores the interactions between the CNTs. This limitation is 
typically justified by the low volume fraction of the CNTs 
inside the composite, which typically leads to large 
separations between the individual CNTs. However, as can 
be seen in Fig. 2, some CNTs are quite close, and therefore 
will exhibit strong interactions, even though the total CNT 
volume fraction is below 0.5 %. The second approximation 
in (7)-(9) is the assumption that the MWCNTs are straight so 
that their polarizabilities can be approximated by that of a 
prolate ellipsoid. Each of the above two approximations are 
frequently employed in the literature. The effect of these 
approximations on the effective properties of the composite 
will be quantified by comparing with the response calculated 
using the full-wave simulations. 

 

IV. RESULTS AND DISCUSSION 

The main goal of this section is to contrast the 
electromagnetic response calculated using the dilute limit 
effective medium approximation with that calculated using 
the full-wave solvers for the reconstructed 3D MWCNT 
distributions. We also study the electromagnetic response of 
simple MWCNT distributions to explain the results achieved 
from the reconstructed MWCNT distributions. Finally, we 
use the reconstructed 3D MWCNT distributions to 
investigate the dependence of the electromagnetic response 
of the composites on the direction of the incident field. 
Unless otherwise noted, the polarization is parallel to the “L” 
axis which is the general alignment direction of the 
MWCNTs. 

A. Electromagnetic Response of the Reconstructed 3D 
MWCNT Distributions 

Four different composites were considered in this 
work with MWCNT volume fractions equal to [(0.44 ± 
0.007) %, (2.58 ± 0.25) %, (4.04 ± 0.19) %, and (6.89 ± 
0.43) %] based on the available experimental TEM data. 
In the successive analysis, these MWCNT volume 
fractions will be rounded and the composites will be 
labelled as 0.5 %, 3 %, 4 %, or 7 %, respectively. The 
dimensions of the unit cell for the 0.5 % volume fraction 
composite were 800 nm × 800 nm × 200 nm, whereas 

Fig 6: Morphological information for the analysis of three volume fraction MWCNT assemblies (a) Top view of the sample of volume fraction = 3 %, (b) 
volume fraction = 4 % and (c) volume fraction = 7 % along with the imposed electric field, which is vertical as indicated by the green arrow. All scale 
bars in Fig. 6(a)-(c) represent 50 nm and the color indicate the relative depth of the CNT segment into the page. Fig. 6 (d), (e) and (f) show the MWCNT 
length distributions in the 3 %, 4 % and 7 % volume fraction composites. 
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the dimensions for the other three volume fractions were 
200 nm × 200 nm × 200 nm. Smaller dimensions were 
used for the unit cell of the higher volume fractions to 
encapsulate a small enough number of MWCNTs that 
could be simulated in a feasible computational time. Due 
to the difference in the unit cell size, in the subsequent 
sections, the results for the 0.5 % MWCNT composite 
are plotted in different figures than the other volume 
fractions.  

Figure 2 shows a representation of the 0.5 % volume 
fraction composite where each MWCNT is shown as an 
arbitrarily-shaped thin wire. On the other hand, top 
views of the mesh of the 3 %, 4 %, and 7 % MWCNT 
volume fraction composites are shown in Fig. 6, along 
with the length distributions of these composites. 
Similar to Fig. 2c, the unit cells in Fig. 6 had periodic 
boundary conditions enforced to emulate MWCNT 
laminates whose lateral dimensions are significantly 
larger than their thickness.  

Figure 7(a) shows the reflection magnitude calculated 
using CST MWS for the 0.5 % MWCNT composite for 
both Case A (all walls metallic and large relaxation 
times) and Case B (only two metallic walls with large 
relaxation time) conductivities. Both cases have the 
same relaxation time as shown in Table II. However, 
they differ in the number of conducting walls as shown 
in Fig. 3. Figure 7(a) shows that for Case A, the 
resonances exhibit a blue shift in comparison to those of 
Case B. This can be explained by the real(εr) of Case A 
having a larger negative value than that of Case B, as 
shown in Fig. 4(c), which causes the resonances of a 
plasmonic nanoparticle to shift to higher frequencies 
[42]. In other words, based on the length of a MWCNT, 
it will exhibit a plasmon resonance at a specific negative 
value of the real(εr). If a horizontal line is drawn across 
Fig. 4c, to indicate a specific real(εr) value, we can see 
that it will intersect Case A curve at a higher frequency 

than that of the Case B curve. Figure 7(a) shows that the 
reflection coefficient has a similar magnitude for both 
Case A and Case B conductivities up to 3 THz. This 
frequency range is too low for the MWCNTs to resonate 
for the dimensions studied in this work. Beyond this 
frequency range, the magnitude of the reflection 
coefficient of Case B is initially larger than that of Case 
A since the MWCNTs of Case B resonate at lower 
frequencies. However, comparing the magnitude of the 
peaks of both cases shows that Case A yields higher 
peaks than Case B. This can be explained by Case A 
having a higher Real(σ3D) than Case B, as shown in Fig. 
4(a), which increases the reflection from the composite. 

Figure 7(b) compares the reflection magnitude for the 
same 0.5 % volume fraction composite but in this case, 
the Case B, Case C, and Case D conductivity models are 
used for each MWCNT. These three conductivity 
models have the same number of metallic walls but have 
progressively larger values for the 𝜁 parameter, which 
lowers the relaxation time for the walls τ as summarized 
in Table II. Beyond 3 THz, where the MWCNTs exhibit 
resonances, the three conductivities have the same 
negative value for Real(εr), which is the main factor that 
determines the resonance frequency [42]. Therefore, the 
three conductivity cases, Case B, Case C, and Case D, 
exhibit resonances at exactly the same frequencies. 
Figure 7(b) shows that as the relaxation time decreases, 
the reflection peaks decrease in amplitude because of the 
decrease in Real(σ3D). This decrease in the Real(σ3D) 
also causes the quality factor of the resonances to 
decrease, causing the bandwidth of the resonances to 
increase and the adjacent resonances to overlap and 
coalesce. Therefore, Case C shows a few wideband 
peaks, unlike Case B, which shows numerous sharp 
isolated resonances. Case D has a significantly lower 
Real(σ3D) than the other cases, and therefore, the peaks 
of the resonances are hard to distinguish. Based on our 

Fig. 7: Comparison between the magnitude of the reflection coefficient for (a) Case A and Case B conductivities and (b) Case B, Case C, and Case D 
conductivities for the 0.5 % volume fraction composite. Case A conductivity is where the 5 walls of each MWCNT are metallic with ζ=6 m/Ks.  Case B, C, 
and D is where only 2 walls of each MWCNT are metallic with ζ=6 m/Ks, ζ=60 m/Ks, and ζ=600 m/Ks, respectively.
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computational experiments, we found that a relaxation 
time in the femtosecond range or lower, i.e. 𝜻 values in 
the thousands or larger, causes the resonances to 
disappear as the MWCNT becomes an overdamped 
system. In summary, Fig. 7 shows that an increase in the 
magnitude of the negative Real(εr) of the MWCNTs 
causes a composite to exhibit resonances at higher 
frequencies. Decreasing the Real(σ3D) causes the peak 

amplitude of the resonances to decrease and the 
bandwidth of the resonances to increase.   

Figure 8 shows the magnitude of the reflection 
coefficient from the composites with 3 %, 4 %, and 7 % 
MWCNT volume fractions, calculated using both the 
full-wave CST MWS simulation and the EMA. In the 
EMA, the polarizability of the MWCNTs is estimated 
using the expression for the ellipsoid polarizability in 
(7). Each column in Fig. 8 corresponds to one of the 

Fig. 8: Reflection from the MWCNT composite calculated using Full-wave CST simulations and dilute limit effective medium approximations for: (a) 
volume fraction 3 % and Case A conductivity, (b) volume fraction 4 % and Case A conductivity, (c) volume fraction 7 % and Case A conductivity, (d) 
volume fraction 3 % and Case B conductivity, (e) volume fraction 4 % and Case B conductivity, (f) volume fraction 7 % and Case B conductivity, (g) 
volume fraction 3 % and Case C conductivity, (h) volume fraction 4 % and Case C conductivity, (i) volume fraction 7 % and Case C conductivity, (j) 
volume fraction 3 % and Case D conductivity, (k) volume fraction 4 % and Case D conductivity, (l) volume fraction 7 % and Case D conductivity. Case 
A conductivity is where the 5 walls of each MWCNT are metallic with ζ=6 m/Ks.  Case B, C, and D is where only 2 walls of each MWCNT are metallic 
with ζ=6 m/Ks, ζ=60 m/Ks, and ζ=600 m/Ks, respectively.     
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three-volume fractions considered, whereas each row 
corresponds to one of the four conductivity cases listed 
in Table II and Fig. 3. Figures 8(a)-(c) show that 
increasing the MWCNT volume fraction increases the 
magnitude of the reflection coefficient as expected. 
Moreover, up to a frequency of 20 THz, good agreement 
can be seen between the reflection magnitude calculated 
using CST MWS and that calculated using the EMA for 
the 3 % volume fraction composite in Fig. 8(a). This 
agreement starts to deteriorate as the MWCNT volume 
fraction increases to 4 % and 7 % in Fig. 8(b) and Fig. 
8(c), respectively. This can be explained by the fact that 
the dilute limit EMA is only valid for low MWCNT 
volume fractions and its predictions starts to diverge 
from the true effective properties of the composite as the 
volume fraction of the additive increases and 
interactions between neighboring MWCNTs becomes 
more important [43].  

In the second row of the figure, Fig. 8(d)-(f), we can 
see that the resonances shift to lower frequencies, 
similar to the behavior previously described in Fig 7. 
The EMA reflection shown in blue in Fig. 8(f) exhibits 
additional low-frequency resonances, below 20 THz, 
which are absent in Fig. 8(d)-8(e). This can be  explained 
by the presence of longer MWCNTs in the 7% 
composite, > 120 nm, which can be seen by comparing 
the MWCNT length histogram in Fig. 6(f) with those in 
Fig. 6(d) and 6(e). A key observation in Fig. 8(d)-(f) is 
that the full-wave reflection calculated using CST MWS 
exhibits additional resonances that are absent from the 
reflection calculated using the EMA. Some of these 
additional resonances are at lower frequencies and some 
of them are higher than those exhibited using the EMA. 
The EMA yields resonances in the reflection magnitude 
that directly correspond to the MWCNT lengths 
available in the unit cells in Fig. 6. The additional 
resonances in the reflection magnitude calculated using 
CST MWS are due to the strong electromagnetic 
coupling between the MWCNTs that are in close 
proximity [13]. Even though the volume fractions 
studied in this work are relatively low, every unit cell in 
Fig. 6 clearly show clusters where MWCNTs are in 

close proximity. These MWCNT clusters lead to the 
emergence of the additional resonances [13]. That is, if 
two MWCNTs with identical lengths and slightly 
different shapes are brought together in close proximity 
their plasmon resonance will split into two resonances, 
one at a lower frequency and one at a higher frequency 
than the resonance of the individual MWCNTs [13]. The 
3D tomography reconstructions performed in this work 
clearly show that the MWCNTs are not uniformly 
distributed and exhibit clusters that can significantly 
impact the electromagnetic response of the composites. 
Comparing the general trend of Fig. 8(f) with Fig. 8(e), 
we can see that increasing the volume fraction of the 
MWCNTs increases, on average, the magnitude of the 
reflection coefficient, as expected.  

Similar behavior is exhibited by Case C conductivity 
as shown in Fig. 8(g)-(i). However, the bandwidths of 
the resonances increase, causing several resonances to 
merge leading to an overall broadband response 
especially for the 7 % volume fraction in Fig. 8(i).  For 
Case D conductivity, which has two metallic walls out 
of five and the lowest value for the relaxation time, the 
plasmon resonances in the reflection coefficient 
disappear due to the small relaxation time for this case 
and the lower effective MWCNT conductivity. 
However, for most frequencies in Fig. 8(g)-(i), the full-
wave CST MWS reflection shows higher reflection than 
the EMA counterpart.   

In summary, the main conclusion from Fig. 8 is that at low 
frequencies, well below the plasmon resonance frequencies 
of the MWCNTs, good agreement can be achieved between 
the EMA and the full-wave simulation of the composite’s 
electromagnetic response. At higher frequencies, this 
agreement deteriorates, especially for high MWCNT volume 
fractions or for higher MWCNT conductivities. The 
breakdown in agreement is caused by the strong 
electromagnetic interaction between the MWCNTs as will be 
illustrated in the following Sub-Section. 

 

 
Fig. 9: Comparison between the magnitude of reflection calculated using: CST MWS, the EMA using the MOM ATW polarizability, and the EMA using 
the ellipsoid polarizability when (a) the MWCNTs are widely separated and when (b) the same MWCNTs are clustered in close proximity. The lengths of 
the MWCNTs are 195 nm, 135 nm, and 165 nm. The scale bar represents 50 nm. 
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B. Electromagnetic Response of Simple MWCNT 
Distributions 

To confirm the findings of the previous subsection, the 
simple composite shown in Fig. 9 is simulated. The unit cell 
of the composite shown in Fig. 9 contains only three 
MWCNTs that are 195 nm, 135 nm, and 165 nm in length 
and have an outer radius of 3.86 nm. Two composites are 
studied in Fig. 9. In Figure 9(a), the MWCNTs are widely 
separated whereas in Fig. 9(b) the MWCNTs are 
concentrated in a tight cluster. In both cases, the MWCNTs 
are in different planes in the perpendicular direction and they 
do not intersect and they are embedded in a 200 nm × 200 
nm × 200 nm unit cell. The same conductivity, Case B, is 
assigned to the MWCNTs in each case. In Case B, two walls 
out of the five walls of each MWCNT are metallic but they 
have the largest relaxation time. In Figure 9, the top view of 
the composite is shown in a way similar to the images 
typically achieved using SEM. From a single view, it is hard 
to identify if the MWCNTs are widely separated in the 
perpendicular direction or if they are closely clustered. 
Hence, 3D tomography provides significantly more 
information about the MWCNT distribution, which 
determines the electromagnetic response. The polarization is 
parallel to the “L” axis which is the general alignment 
direction of the MWCNTs as shown in Fig. 9.  

For the EMA calculations, we used two different 
approaches for calculating the polarizability of each 
MWCNT: the MOM for ATW formulation in (6) and the 
ellipsoid polarizability in (7). In Figure 9(a), the reflection 
calculated using the EMA shows three distinct resonances 
that correspond to the three different MWCNT lengths. In 
Figure 9(a), the MWCNTs are widely separated and 
therefore they exhibit insignificant electromagnetic 
coupling. Therefore, the full-wave reflection calculated 
using CST MWS also exhibits only three resonances. Since 
the MWCNTs are not straight, using the MOM for ATW to 
calculate the MWCNT polarizability yields better agreement 
with the full-wave CST MWS reflections than the ellipsoid 
polarizability in the EMA approach. However, the difference 
between the two polarizability estimates is not significant, 
indicating that this is not the main reason for the major 
difference between the full-wave response and the EMA in 
Fig. 8.  

Figure 9(b) shows the same MWCNTs in the same unit 
cell, with the same volume fraction as the composite in Fig 
9a. However, the MWCNTs in Fig. 9(b) are grouped into a 
tighter cluster and therefore they exhibit much stronger 
electromagnetic coupling. This causes the reflection 
calculated using the full-wave CST MWS to exhibit seven 
resonances even though only three MWCNTs of different 
lengths are considered. The additional resonances emerge 
due to the splitting of the individual resonances of the three 
MWCNTs. This splitting occurs when the MWCNTs have 
slight differences in shape and are grouped together in a tight 
bundle as discussed in [13]. The reflection calculated using 
the EMA combined with the ellipsoid polarizability or with 
the MOM for ATW polarizability show significant 
differences with the full-wave reflection. The comparison 
between Fig. 9(b) and Fig. 9(a) clearly shows that the 

clustering of MWCNTs, even for low volume fractions, can 
lead to strong electromagnetic interaction and resonance 
splitting, which agrees with the results shown in Fig 8 for the 
reconstructed MWCNT composites. As the number of 
MWCNTs increases, the number of clusters also increases, 
and many additional modes emerge that can overlap and lead 
to an overall broadband electromagnetic response.  

The results in Fig. 8 and Fig. 9 show the importance of 
accounting for the strong electromagnetic coupling between 
MWCNTs when interpreting the measured reflection or any 
other electromagnetic response of an MWCNT composite. 
For example, if the MWCNT electromagnetic interactions 
are neglected and the response in Fig. 9(b) is interpreted 
using only the EMA, false conclusions might be obtained 
that seven different MWCNT lengths are present in the 
composite and none of them match with the three MWCNT 
lengths actually present in the composite. However, if the 
volume fraction and the length distribution of the MWCNTs 
in the composite are known beforehand, the electromagnetic 
response can provide information about the clustering of the 
MWCNTs. That is, if the resonances in the electromagnetic 
response correspond directly to the length distributions with 
no additional resonances, this indicates that the MWCNTs 
are widely separated. If however, additional resonances are 
apparent in the electromagnetic response or if the bandwidth 
of the electromagnetic response is significantly broader than 
the range of the length distributions, this indicates that some 
of the MWCNTs are arranged in tight bundles or clusters.  

The MWCNTs in the fabricated samples were longer than 
any of the lengths in the length distributions in Fig. 6. 
However, due to the limitations in 3D electron tomography, 
only small sections of the composite can be reconstructed. 
To validate that the conclusions in the previous subsections 
are also applicable for longer MWCNTs, composites 
consisting of three longer MWCNTs were simulated in Fig. 
10 and Fig. 11. The lengths of the three MWCNTs studied in 
Fig. 10 were set to 1.4 μm, 1.1 μm, and 1.3 μm, respectively, 
whereas the lengths of the three MWCNTs studied in Fig. 11 
were set to 0.014 mm, 0.011 mm, and 0.013 mm, 
respectively. In Figure 10, the three MWCNTs were 
embedded in an identical unit cell that had the dimensions of 
1.6 μm x 1.6 μm x 0.200 μm and in Fig. 11 the three 
MWCNTs were embedded in an identical unit cell that had 
the dimensions of 0.016 mm x 0.016 mm x 0.002 mm. All 
the MWCNTs in Fig. 10 and Fig. 11 had identical Case B 
conductivity and identical radius of 3.86 nm. The 
polarization is parallel to the “L” axis which is the general 
alignment direction of the MWCNTs as shown in Fig. 10 and 
Fig. 11.  

In Figure 10, the three tubes were arranged in two different 
configurations: widely spaced and tightly clustered, as 
shown in Fig. 10. Therefore, both configurations had 
identical volume fractions of ~ 0.035%. Since the MWCNTs 
in the fabricated samples in Fig. 6 were not perfectly straight, 
the three MWCNTs in Fig. 10 were also set to be non-
straight. In the dilute limit EMA, the polarizability of each of 
the three MWCNTs was calculated using the MOM for ATW 
formulation in (6) to account for their exact shape. Figure 
10(a) shows that, for the case of the widely separated 
MWCNTs, excellent agreement is achieved between the full-
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wave and the dilute limit EMA. Compared to Fig. 9, the 
longer MWCNTs in Fig. 10 cause the resonances in the 
reflection to shift to lower frequencies. For example, the first 
resonance in the reflection in Fig. 9(a) occurs around 12 THz, 
whereas the first resonance in Fig. 10(a) occurs around 2 
THz. This shift is in agreement with the ratio between the 
lengths of the MWCNTs in Fig. 9(a) and those in Fig. 10(a). 
The reflection in Fig. 10(a) had significantly more 
resonances than those in Fig. 9(a) even though both cases 
only had three MWCNTs per unit cell. This can be explained 
by the longer MWCNTs in Fig. 10(a) exhibiting higher-order 
resonances in the 1 THz – 30 THz frequency range [12], [13]. 
The same higher-order resonances will occur for the 
composites in Fig. 9(a) if frequencies higher than 30 THz are 
considered.   

When the same MWCNTs were clustered in close 
proximity, the reflection calculated using the full-wave CST 
MWS solver differed significantly from the dilute limit EMA 
as shown in Fig. 10(b). Again this can be attributed to the 
interactions between the MWCNTs in close proximity. The 
results in Fig. 10(b) show that the inaccuracy of the dilute 
limit EMA in calculating the electromagnetic response of 
MWCNTs clustered in close proximity. Typically, 
MWCNTs and other nanoparticles exhibit strong 
electromagnetic coupling when they are separated by less 
than 4-5 times their radius as shown in Fig. 9(b) and Fig. 
10(b) [44], [45].  

Figure 11 shows longer MWCNTs also in a widely 
separated and in a close proximity formations. These longer 
MWCNTs resonate at a lower frequency range and therefore 
in order to reduce the computational time we limited the 

 

 
 
 

 

 

 

 

 

 

 

Fig 10: Comparison between the reflection magnitude calculated using CST MWS and the EMA using the MOM ATW polarizability when (a) three long 
MWCNTs are widely separated and when (b) the same MWCNTs are clustered in close proximity. The lengths of the MWCNTs are 1.4 μm, 1.1 μm, and 
1.3 μm. The inset zooms on the reflection magnitude in the 1 THz - 5 THz frequency range. The scale bar represents 200 nm. 

 

 

 

 

 

 

 

 

 

 

 

Fig 11: Comparison between the reflection magnitude calculated using CST MWS and the EMA using the MOM ATW polarizability when (a) three long 
MWCNTs are widely separated and when (b) the same MWCNTs are clustered in close proximity. The lengths of the MWCNTs are 0.014 mm, 0.011 
mm, and 0.013 mm. The scale bar represents 4 μm. 
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frequency range of the simulation to range from 0.10 THz to 
1 THz. Similar to Fig. 10, Fig. 11a shows good agreement, 
in the 0.01 THz to 0.25 THz frequency range, between the 
reflection magnitude calculated using the dilute limit EMA 
and the reflection magnitude calculated using CST MWS for 
the case of widely separated MWCNTs. The agreement 
worsens for the case of the MWCNTs in close proximity, 
shown in Fig 11b, due to also the strong electromagnetic 
interactions between the MWCNTs. In Fig. 11b, we believe 
that the agreement between CST and the EMA across the 
frequency range 0.3 THz to 0.8 THz is merely coincidental 
based on the  results in the previous figures.  

The variation in the full-wave response of a composite with 
the MWCNT distribution shown in Fig. 10 and Fig, 11 shows 
the strength of electromagnetic waves in probing different 
distributions of MWCNTs, which has significant potential 
for the NDE of composites. Future work will include 
developing a clustering parameter that provides information 
about the MWCNTs clusters (e.g. the number of 
tubes/cluster, the size of the cluster) and studying how to 
extract this parameter from the electromagnetic response of 
the composite. 

 

C. Anisotropy of Electromagnetic Response 

One of the motivations behind fabricating aligned and 
straight MWCNT composites is to develop anisotropic 
materials that vary their response based on the direction of 
the incident field. For example, several studies have reported 
terahertz polarizers composed of highly aligned SWCNTs 
and MWCNTs [46], [47]. In this work, the availability for 
the first time of the exact 3D distribution of MWCNTs 
allows us to quantify the anisotropy in the electromagnetic 
response at different MWCNT densities. Fig. 12 shows the 
reflection magnitude of the 3%, 4%, and 7% composites 

when the polarization is parallel and perpendicular to the “L” 
axis. Fig. 12a, Fig. 12b, and Fig. 12c show the direction of 
the parallel and the perpendicular polarization with respect 
to the reconstructed 3D MWCNT distribution for the 3%, 
4%, and 7% composites, respectively. In Fig. 12d to Fig. 12f, 
the solid blue curve is the simulated reflection when the 
incident polarization is parallel to “L” and the dashed red 
curve is simulated reflection when the incident polarization 
is perpendicular to “L”. Both polarizations were calculated 
using the full-wave CST MWS solver and Case B (only two 
metallic walls with large relaxation time) conductivity for the 
MWCNTs. The three subplots in Fig. 12(a)-12(c) show that 
higher reflection is achieved when the incident electric field 
is parallel to the general alignment of the MWCNTs, “L”, 
which is expected [46], [47]. This is clear at very low 
frequencies before the onset of the plasmon resonances. By 
comparing Fig. 12(a) –12(c), it seems that the gap between 
the reflections of both directions widens as the MWCNT 
volume density increases. To clarify this trend, we 
calculated, at each frequency in Fig. 12, the anisotropy ratio 
by dividing the reflection when the incident polarization is 
parallel to “L” with the reflection when the incident 
polarization is perpendicular to “L”. The average of this 
anisotropy ratio over the frequency range spanning 1 THz to 
30 THz was then calculated for each of the three volume 
fractions in Fig. 12. Fig. 13 shows this average anisotropy 
ratio versus the MWCNT volume fraction and it shows that 
the anisotropy in the electromagnetic response increases with 
the MWCNT volume fraction. This increase is in agreement 
with reported experimental measurements, which show that 
MWCNTs become straighter and more aligned as their 
density inside the composite increases and hence their 
anisotropy ratio increases [23]. Therefore, by probing 
composites at multiple incident field directions, the 

 
 

Fig 12: Comparison between the reflection magnitude for different incident electric field directions. The top view of the (a) 3% unit cell, (b) 4%, (c) 7% 
and the two electric field directions tested are illustrated. The corresponding reflection magnitude for the (d) 3 %, (e) 4 %, and (f) 7 % MWCNT volume 
fraction. 
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straightness and alignment of the MWCNTs can be 
evaluated. 

In summary, this paper shows that accurate 3D 
reconstruction of MWCNT distributions can be used to 
quantify the full-wave electromagnetic response of 
composites with different densities and with different levels 
of alignment. Once this behavior is quantified, calibration 
curves like those presented in Fig. 13 can be generated for 
use in future electromagnetic NDE of composites. For 
example, the average reflection anisotropy ratio can be 
measured experimentally on a composite and then, using Fig. 
13, the level of alignment and possibly the volume fraction 
of the MWCNTs in the composite could be retrieved. Future 
work will involve conducting experimental measurements to 
validate the accuracy of these NDE approaches. 

V. CONCLUSIONS AND FUTURE WORK 

In this work, the experimental reconstruction of several 
multi-walled carbon nanotube (MWCNT) three-dimensional 
(3D) distributions using electron tomography provided vital 
information about the shapes and locations of the MWCNTs 
inside the composite. This information was used, for the first 
time, in the simulation of the electromagnetic response of 
MWCNT composites using full-wave simulations and the 
dilute limit effective medium approximation (EMA). The 
results show that the electromagnetic response calculated 
using the dilute limit EMA differs significantly from the full-
wave simulations, especially at higher THz frequencies, due 
to strong interactions between adjacent MWCNTs, even at 
small volume fractions. Both the full-wave simulations and 
EMAs confirm that the magnitude of reflection increases 
with the increase in the volume fraction. However, the 
differences between the full-wave simulations and the EMAs 
increase with increasing volume fraction as expected. The 
MWCNTs resonate at higher frequencies when the real part 
of their effective relative dielectric permittivity is more 
negative. The sharpness of these resonances is dependent on 
the relaxation time, where the resonant peaks become 

narrower as the relaxation time increases. It was shown that 
by using multiple incident field directions that the anisotropy 
in the electromagnetic response of the MWCNT composites 
can be accurately quantified. This anisotropy can be then 
used to evaluate the straightness and alignment of the 
MWCNTs in the composite material.  

Overall, the results of this paper show that these 
experimentally characterized 3D MWCNT maps act as 
useful testbeds for understanding the electromagnetic 
response of nanocomposites. Our future work will extend 
this characterization to a mixture of different conductivity 
MWCNTs and the use of a material different from air as the 
embedding medium. In addition, guidelines will be 
developed to help correlate the electromagnetic response of 
a composite with the actual MWCNT distribution and 
properties, the reverse problem of what was done here. 
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