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Abstract—Recently, the National Institute of Standards
and Technology has developed a database of three-
dimensional (3-D) stem cell morphologies grown in ten
different scaffolds to study the effect of the cells’ environ-
ments on their morphologies. The goal of this paper is to
study the polarizability tensors of these stem cell morpholo-
gies, using three independent computational techniques,
to quantify the effect of the environment on the electric
properties of these cells. We show excellent agreement be-
tween the three techniques, validating the accuracy of our
calculations. These computational methods allowed us to
investigate different meshing resolutions for each stem cell
morphology. After validating our results, we use a fast and
accurate Padé approximation formulation to calculate the
polarizability tensors of stem cells for any contrast value be-
tween their dielectric permittivity and the dielectric permit-
tivity of their environment. We also performed a statistical
analysis of our computational results to identify which envi-
ronment generates cells with similar electric properties. The
computational analysis and the results reported herein can
be used for shedding light on the response of stem cells to
electric fields in applications such as dielectrophoresis and
electroporation and for calculating the electric properties
of similar biological structures with complex 3-D shapes.
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I. INTRODUCTION

ACCURATE characterization of a cell’s morphology is cru-
cial in many applications such as quantifying cellular re-

sponses under the influence of extracellular signals [1]. This
is why morphological cell analysis has proved to play a sig-
nificant role in many applications of biomedical engineering.
Cytopathology or the science of diagnosis based on a single cell
or a cell cluster is established on the subjective interpretation
of cell morphological features by cytopathologists [2]. These
morphological characteristics have numerous applications [3]–
[11]. For example, cancerous cells exhibit micro-morphological
changes through the different stages of tumorigenesis [3], apop-
tosis [4], cell division, and proliferation [5]. These changes can
be detected by comparing the morphological features of normal
cells with that of the cancerous cells at different stages, and
hence open up a broad field of early cancer detection. Physio-
logical fluctuations in reproductive function or cell classification
based on their functionality can also be achieved by quantify-
ing the morphological characteristics of a cell [6]–[8]. Dynamic
feature extraction, to dissect cellular heterogeneity or the de-
velopment of new drugs are other examples of applications that
utilize the cell’s morphological characteristics [9], [10]. As a re-
sult, cell imaging is an essential analysis tool in the field of cell
cytology, neurobiology, pharmacology and biomedical research
disciplines [11].

The physical interactions between the cell and the extracellu-
lar environment, in which the cells are embedded, have a signif-
icant effect on the shape of the cell [12]. Recent advancement in
three-dimensional microenvironment engineering have enabled
researchers to mimic the real in vivo conditions [13]–[15]. By en-
gineering the biomaterial scaffold culture, researchers have been
able to achieve desired cell shapes and hence control the cell’s
functionality [16]–[19]. Culturing the same cell in different bio-
material scaffolds leads to variation in the cell morphology.
Florczyk et al. referred to this as cellular morphotyping, where
they incorporated a cell line of human bone marrow stromal
cells (hBMSCs) cultured in different microenvironments [20].
The present study draws upon on a database, recently developed
by the National Institute of Standards and Technology (NIST),
consisting of the 3D surface and volumetric map of stem cells
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Fig. 1. Morphological depiction of ten different cells from each family
made to be approximately to scale to illustrate the differences in geo-
metric features between the different shapes. The abbreviations for each
type are explained in Section II-A. The blue sphere in the upper left corner
serves as a size scale of 100 μm diameter sphere. The color depiction
is such that red has the larger volumes; blue is the lower volumes, and
green shows intermediate volumes.

grown in different environments. The motivation behind devel-
oping that database was to shed light upon the effect of the cell’s
microenvironment on its 3D morphological features [21]. The
database is accessible via an open source interactive user inter-
face [22] and available in .obj (wavefront) format and volumetric
mesh format (voxels) for future studies [23]. The cells were di-
vided into ten groups based on the microenvironments in which
they were grown. Microenvironments with different geometrical
and/or chemical properties were constructed to guide the cell’s
morphology to have characteristic shapes such as elongated,
columnar, or equi-axial shapes [24]. The cells were imaged us-
ing confocal laser scanning microscopy, which generated a stack
of 2D slices or cross sections for each cell [25]. The substantial
number of 2D images (z-stacks) were then categorized as fore-
ground or background by applying an automated segmentation
algorithm. The wide variability in cell morphologies was intro-
duced by carefully engineering the scaffolds, where the stem
cells were grown, to mimic different natural environments for
the stem cells. Fig. 1 shows one cell from each of the ten fam-
ilies studied in the database. As shown in the figure, the cells
exhibit a wide range of variation in morphology. For example,
one cell morphology has an equi-axial sphere-like distribution
(MG) whereas another cell is distributed along only one axis
and is more similar to a 1D rod like structure (NF).

Florczyk et al. incorporated 82 different shape measures to
assess the effect of the environment on the morphological fea-
tures of the cell [20]. For determining cellular dimensionality,
they organized the cells in a cellular dimensionality plot where
each cell is assigned a coordinate based on ratios of elements
in its radius of gyration tensor. The relative location of each
cell in this dimensionality plot defines the cell’s properties and
allows us to predict the scaffold’s characteristics. For example,
the question of whether the culturing medium is flat (2D) or

whether it possesses 3D features or pores can be assessed from
the smallest element of the gyration tensor. For a cell cultured
on a 3D substrate, the smallest gyration tensor element was
much larger than that of cells cultured on a 2D substrate, which
would cause one diagonal element to be close to zero. Hierarchi-
cal Cluster Analysis (HCA) and Principle Component Analysis
(PCA) were also incorporated for the statistical analysis of the
dimensionality data [20]. However, the PCA and HCA analysis
were incapable of identifying the scaffold of single cells due
to the large heterogeneity in the cell shapes and the resulting
heterogeneity in the dimensionality data.

Betancourt et al. recently employed the numerical path in-
tegrator ZENO to calculate the DC electric polarizabilities of
the stem cells from the same database [24]. ZENO uses random
walks to calculate the electric polarizability, capacitance and
intrinsic viscosity of arbitrary shaped particles [26], [27]. The
mathematical foundation of ZENO’s random walk calculations
automatically assign infinite contrast to the studied particle. That
is, the polarizability of objects with arbitrary contrast cannot be
calculated using ZENO. Therefore, the study of Pazmiño et al.
only considers the electric polarizability tensor, the limiting sit-
uation in which stem cells are assumed to be perfect conductors.
The reported results provide insight into how the local microen-
vironment of cells can influence how they react to an electric
field stimulus. However, in vitro studies and several numerical
studies emphasizes that we should incorporate non-ideal cases
in cell polarizability studies [28]–[32]. For example, Sebastián
et al. employed an adaptive finite element numerical approach to
calculate the complex polarizability of realistic red blood cells
by calculating the electric field distribution inside the mem-
brane and using the effective dipole element method [33]. They
concluded that the polarizability of the cell calculated using
anisotropic properties can be significantly different from that of
the cell calculated using isotropic properties. They also used the
same approach to determine the complex polarizability of four
types of hematic cells: T-lymphocytes, platelets, erythrocytes,
and type-II stomatocytes [31]. Prodan et al. developed a theo-
retical framework to explain the accumulation of surface charge
over the cell membrane boundary in suspension (i.e., known
as α- relaxation process in <10 kHz range and β- relaxation
process at higher frequencies) by calculating the complex po-
larizability of a single shelled spherical cell (shell representing
the membrane) [32]. Di Biasio et al. extended the polarizabil-
ity expression to account for shape variability (i.e., ellipsoidal,
toroidal) [29], [30]. Experimental validation of their model was
presented by studying the low-frequency dielectric dispersion
(α- dispersion) of E. coli bacteria cell in suspension [28].

For a more accurate assessment of the stem cells’ response
to an electric stimulus, computational techniques need to be
developed that can calculate the polarizability of these com-
plex stem cells using their true electrical properties. Moreover,
since no closed form expressions exist for the polarizability of
these complex-shaped stem cells, multiple independent compu-
tational techniques need to be tested to validate the accuracy of
the calculated polarizabilities. The stem cells database provided
at least five different representations for each cell with differ-
ent resolutions. The resolution varied from the highest value,
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obtained directly from the raw confocal microscope images,
down to the lowest value, which was 16 times coarser than
the original value (details below). The highest resolution pro-
vides the most accurate representation of the true shape of the
stem cell. However, it contains an extremely large number of
discretization elements that can lead to prohibitively large com-
putational time in some numerical techniques. In most of the
reported numerical experiments, the representations with mod-
erate resolution were used to describe the stem cells [24].

The goal of this work is to extend these recent studies by
addressing these challenges. Due to the complexity of the mor-
phologies of these cells, we have incorporated three indepen-
dent computational methods to calculate the polarizability ten-
sors and validated our result through the excellent agreement
in the numerical results achieved by the three techniques. We
also adapted these computational techniques to calculate the
polarizability tensors of the stem cells at an arbitrary contrast
between their electric properties and the electric properties of
the environment. This allows us to predict more accurately the
response of stem cells, with realistic electric properties, to an
arbitrary electric stimulus. After validating our calculations, we
quantified the relationship between the polarizability tensors
and the cell shapes. We also clarified the variations in the po-
larizability values with the variations in the meshing resolution
used to describe each stem cell. Finally, we used a simple Páde
approximation technique that employs the numerical results in
two cases of extreme electrical contrast between a cell and its
environment to calculate, with high accuracy, the polarizabil-
ity tensors of stem cells with uniform but arbitrary electrical
properties.

This paper is arranged as follows: In Section II, we briefly
describe the NIST stem cells database and the various microen-
vironments used to generate this database, we briefly introduce
the theory behind the static polarizability calculation, and we
describe the three numerical techniques employed in this work.
In Section III, we present the polarizability results obtained from
the different solvers. These results are discussed and conclusions
drawn in Sections IV and V respectively.

II. METHODOLOGY

A. NIST 3D Stem Cell Database

In the NIST stem cell database, ten different scaffold families
were employed [20], [21]. The scaffold families can be divided
into five major categories based on their geometry and material
composition (all names taken from the NIST database):

1) Spun-Coat (SC), Nanofiber (NF), and Microfibers (MF):
Spun-Coat (SC), Nanofiber (NF), and Microfibers (MF) scaf-
folds were made from the poly(ε-caprolactone) (PCL) polymer.
The Spun-Coat scaffold was composed of flat films of PCL that
provided a 2D environment. The Nanofiber and Microfiber scaf-
folds consisted of electrospun fibers with different sizes creating
a complex porous 3D environment. The fibers in the Nanofiber
category had a diameter of 589 nm and the fibers employed in
the Microfiber category were 4.4 μm in diameter [20], [21].

2) Matrigel (MG), Collagen Gel (CG), and Fibrin Gel (FG):
Matrigel (MG), Collagen Gel (CG), and Fibrin Gel (FG)

TABLE I
IDENTIFIERS OF THE TEN CELL SHAPES USED IN THIS STUDY

scaffolds were composed of hydrogels obtained from three dif-
ferent natural sources. Fibrin Gel was composed of fibrinogen
obtained from human plasma and Collagen gel was obtained
from bovine Type I collagen [20], [21]. Matrigel scaffolds were
obtained from the secretions of mice sarcoma cells. These three
families formed porous 3D environments for the stem cells.

3) Collagen Fibrils (CF): Collagen Fibrils (CF) scaffolds
were obtained from bovine collagen similar to Collagen Gel.
However, Collagen Gel was allowed to form a 3D porous gel
structure whereas collagen fibrils were confined to a 2D film
forming 200 nm diameter collagen fibers [20].

4) Spun-Coat + Osteogenic Supplements (SC+OS) and
Nanofiber + Osteogenic Supplements (NF+OS): Spun-Coat
+ Osteogenic Supplements (SC+OS) and Nanofiber + Os-
teogenic Supplements (NF+OS) scaffolds were geometrically
identical to the SC and NF scaffolds, respectively. However, Os-
teogenic Supplements were added to the SC and NF scaffolds
to form the SC+OS and NF+OS scaffolds. Therefore, by com-
paring the stem cells grown in the SC+OS scaffolds with the
stem cells grown in the SC scaffolds, we can assess whether the
chemical composition of the environment has an effect on cell
shape or whether the geometry of the environment is the sole
regulator of cell shape [20], [21].

5) Porous Polystyrene Scaffold (PPS): Porous
Polystyrene Scaffold (PPS) scaffolds were composed of
polystyrene and they represent one of the most commonly used
3D cell cultures [20], [21]. Unlike the NF and MF scaffolds,
PPS is not composed of cylindrical fibers but is typically
composed of more flattened ribbons. In PPS scaffolds, the
pores range from 36 μm to 40 μm [20].

Approximately 100 different stems cells were imaged from
each environment. Each cell was provided with a unique iden-
tifier. We started our numerical experiments by studying ten
different cell shapes, one cell shape from each of the ten environ-
ments. The identifiers of the selected stem cells are summarized
in Table I and taken from [20].

Each cell was stained for actin and nucleus for obtaining the
morphology of cell cytoplasm and nucleus separately [20], [23].
Both the cell cytoplasm and the nucleus shape data are available
in two different formats for user convenience: (i) the origi-
nal voxel representation of the segmented cell image and (ii)
triangular surface mesh representation obtained via the March-
ing Cubes algorithm from the original voxel representation and
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Fig. 2. Illustration of the raw voxels and the five different surface
meshes of a PPS cell down sampled by factors from 1 to 16. As the
resolution decreases, the volume increases from 17857 μm3 (“down1”)
to 48348 μm3 (“down16”), a factor of about 2.7, while the surface area
increases more slowly, from 11395 μm2 to 14684 μm2. In addition, the
number of face and vertices decrease from “down1” to “down16”, losing
sharpness and some features of the original shape.

down-sampled representations. The triangular mesh representa-
tion is available in five different versions, each version down-
sampled by a factor that ranges from 1 to 16 in powers of two
[23]. For example, the “down4” mesh was generated by first
representing each 4 pixels of the original cell morphology in
each image in the stack of images defining the cell with one
larger pixel, then operating with the Marching Cubes algorithm.
Clearly, the “down1” mesh was generated from the original un-
changed voxels. Fig. 2 depicts how down-sampling affects the
actual morphology of a particular cell (in this case PPS). As
can be observed from Fig. 2 and the associated data, down sam-
pling the original mesh decreases the resolution of the original
morphology and increases the stem cell’s volume and surface
area.

B. Theory of Electrostatic Polarizability

The inclusion of an isotropic or anisotropic particle in a ho-
mogenous environment, excited by a uniform electric field, will
perturb this electric field in the vicinity of the inclusion [34].
The incident electric field will lead to the separation of charges
on the surface of the particle, creating an overall dipole moment.
The ratio between the induced dipole moment, p, and the inci-
dent electric field, E, is defined as the polarizability (α) of the
particle. The polarizability α is a direct function of the shape,
the electric properties of the particle, and the electric properties
of the environment where the particle is embedded. Closed form
expressions for the polarizability of simple shapes, like spheres
and ellipsoids, are relatively easy to obtain because of the uni-
form distribution of the internal field [35], [36]. However, for
stem cells with complex 3D geometries, the polarizability cal-
culation is only possible via a numerical solution of the Laplace
equation [34] (depicted in (1)):

∇2φ (r) = 0 (1)

In (1), φ is a sum of the incident potential φe and the perturbed
potential caused by the presence of the particle. For a randomly
oriented inclusion with no planes of symmetry, the polarizability
tensor will have in general nine non-zero elements, αij . How-
ever, the polarizability tensor is symmetric with a maximum of
six independent components. By using matrix diagonalization,
we can obtain the diagonalized form of the tensor (as shown in
(2)), which can be achieved when the major axes of the particle
are aligned with the principal axes of the coordinate system, x,
y, and z [37].

α =

⎡
⎢⎣

αxx αxy αxz

αyx αyy αyz

αzx αzy αzz

⎤
⎥⎦ −−−−−−−−−−−−→

Diagonalization

α̂ =

⎡
⎢⎣

α̂xx 0 0
0 α̂yy 0
0 0 α̂zz

⎤
⎥⎦ (2)

Some symmetrical morphologies will have degenerate di-
agonal components, e.g., α̂xx = α̂yy . However, the following
analysis will be the same. Theoretically, the polarizability of
a particle for arbitrary values for εp and εm can be calculated
using (3) [34]:

αij =
(

εp

εm
− 1

)∫

V

ĵ.EidV (3)

where, j is selectively varied to x, y, and z based on the polar-
izability element of interest, i is determined by the direction of
the incident field, and V is the volume of the inclusion. Differ-
ent components of the polarizability tensor can be calculated by
varying the direction of the incident electric field and by select-
ing different components of the electric field inside the particle
Ei . The electric polarizability tensor, [αE ], can be calculated
by assigning infinity to the relative permittivity of the particle
(ϵp = �). For the case of a perfect conductor, the electric field
is normal to the surface of the particle, see Fig. 3(a), and the
electric field inside the particle diminishes to zero. This will
make the integral in (3) undefined and, therefore, the surface
integral form of (3) is preferred for calculating αij for the case
of εp = ∞ [37].

The magnetic polarizability tensor, [αM ], can also be cal-
culated using (3) by assigning zero to the relative dielectric
permittivity of the particle (ϵp = 0). As shown in Fig. 3(b), this
ϵp choice diminishes the normal component of the electric field
at the surface of the particle but the tangential field component
will be then non-zero. Since (3) does not have a closed form
solution for particles with complex shapes, different numerical
techniques need to be employed to validate each other.

1) COMSOL Mulstiphysics1: COMSOL is a commercial
multi-physics software package that uses the Finite Element
Method (FEM) to calculate the desired physical properties [38].

1Certain commercial equipment and/or materials are identified in this report
in order to adequately specify the experimental procedure. In no case does such
identification imply recommendation or endorsement by the National Institute of
Standards and Technology, nor does it imply that the equipment and/or materials
used are necessarily the best available for the purpose.
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Fig. 3. Electric field distribution along the surface of a body with
(a) perfect electric conductor (PEC), (b) perfect magnetic conductor
(PMC) properties. For PEC, at the surface only normal fields exist
whereas in case of PMC the field lines are tangential only at the
surface.

FEM solvers like COMSOL require the geometry of interest
to be subdivided into smaller volumetric elements (e.g., tetra-
hedrals, pyramids, or prisms) and solves the desired equations
at every volumetric element under appropriate boundary con-
ditions [38]. In this work, we used the Electrostatics physics
interface under the AC/DC COMSOL module for our problem
definition. This module uses FEM to solve Maxwell’s equations
under the static approximation [39]. The stem cell database con-
tains the surface mesh of each cell morphology in the wavefront
.obj format. We converted the cell mesh into STL (STereoLithog-
raphy) format using MeshLab [40] to facilitate the import of
the cells’ geometries into COMSOL. COMSOL uses this STL
mesh to define the surface or the outer boundary of the stem
cell. COMSOL would then mesh the volume enclosed by this
surface into volumetric tetrahedral elements [39]. To ensure the
accuracy of the imported mesh, we validated that the number of
faces in the outer surface of the stem cell did not change from
the original values after it was imported to COMSOL. We also
confirmed that the volume of the imported cell calculated by
COMSOL matched the original volume of the cell as calculated
by MeshLab. The cells were embedded in a large sphere whose
radius was at least 25 times the size of the imported cell to

replicate free space conditions. The medium enclosed by that
bounding sphere was assigned a relative permittivity of unity,
ϵm = 1, and the material inside the cell was assigned a variable
permittivity ϵp based on the polarizability tensor of interest.

2) Scuff-EM: Scuff-EM (Surface CUrrent/Field Formula-
tion of ElectroMagnetism) is an open source Method of Moment
(MoM) solver for static and dynamic electromagnetic scattering
[41]. Scuff-EM requires the particles to be represented in .msh
format which can be generated from the STL representation of
the stem cells using the open source mesh generator Gmsh [42].
Scuff-Static is the static subroutine in the Scuff-EM package and
the fundamental equation for this subroutine is depicted in (4)
below:

∅ (r) = ∅ext (r) +
1

4πε0

∑
s

∫∫
© 1

|x − x′|σ(r′)dr′ (4a)

E (r) = Eext (r) +
1

4πε0

∑
s

∫∫
© (r − r′)

|r − r′|3 σ(r′)dr′ (4b)

In (4), r is the position vector of a point over the surface of s,
∅ext(r) and Eext(r) are the potential and field due to external
stimulus and σ(r′) is the surface charge density. The static
physics equations are solved at every vertex of the .msh file and
then combined through the integration in (4) to represent the
actual morphological characteristics. The integral is taken over
all particle surfaces in the problem and we do not need to apply
a bounding sphere as in case of the COMSOL solver [41].

The stem cell surface mesh representations obtained from [23]
were not centered around the origin (0, 0, 0) in 3D coordinate
system. Therefore, we obtained the center of mass of the cell
from MeshLab [40], assuming a uniform density for the stem
cell, and applied translational operations to re-center the cell
at the origin before forwarding the mesh to Scuff-EM for the
calculation of the polarizability tensor.

3) NIST Finite Element Method Using Voxel Representa-
tion: An open source finite difference and finite element pack-
age was developed at NIST to calculate the linear and elastic
properties of heterogeneous random materials [43]. The pack-
age was developed to be versatile enough for a wide range of
applications such as the calculation of the effective properties
of random mixtures and composites such as concrete [43]. The
package requires the discretization of the object into cubical
voxels and therefore was able to operate directly on the voxel
representation of the stem cells (see Fig. 2). The accuracy of
the package has been validated in a wide variety of applications
[44]–[46]. It was used as a third method to crosscheck the polar-
izability values calculated using the COMSOL and SCUFF-EM
packages. This solver will be designated as NIST FEM for the
remainder of this paper.

The three solvers discussed in this work employ different
numerical recipes for the calculation of the polarizability. For
example, Scuff-EM uses a surface mesh because it is based on
the integral form of Maxwell’s equations whereas COMSOL
and the NIST FEM use a volumetric mesh since they employ
the differential form of Maxwell’s equations [47]. However, if a
fine-enough mesh is employed, the three methods should yield
the same polarizability values since they are solving identical
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TABLE II
SOLVERS USED FOR VARIOUS STEM CELL REPRESENTATIONS

TABLE III
APPROXIMATE COMPUTATIONAL TIME FOR PPS IN HOURS2

Maxwell’s equations for a stem cell with an identical shape and
electric properties. The agreement between the three techniques
is enforced by the Uniqueness theorem, which states that only
one solution can satisfy Maxwell’s equations and the boundary
conditions of the problem regardless of the numerical technique
that is used to achieve this solution [35]. This justifies our ap-
proach to compare different solvers to confirm validity of our
results. With the variability in the computational domain, the
different resolutions of the cell images compatible with cor-
responding platform is listed in Table II. Beside, we were also
concerned about the computational time and resources each sim-
ulation occupied which is listed in tabular form for a cell shape
(PPS) in Table III.2

C. Polarizability Tensors of Simple Cell Shapes

To cross-validate the results of these three techniques, we
started by calculating the polarizability tensor of a simple sphere
whose polarizability tensor is analytically well-known. Due to
its symmetry, a sphere has a diagonal polarizability tensor where
the three components are identical and equal to 3 for a sphere
with unit volume [34]. Note all the polarizability tensor elements
reported in this paper are normalized by particle volume. This
simple experiment will help us identify the meshing resolution
needed for the accurate calculation of the polarizability tensor
of a certain object. Fig. 4 shows the polarizability results versus
the inverse of the number of meshing elements used in the
calculation (N). As the number of meshing elements increases,
the numerical values move towards, with complete agreement
in the limit where N-1 converges to zero, which is equivalent to
an infinite number of meshing elements leading to a continuous
object.

2All computational times were measured on an Intel Xeon Processor E5-
2687W with 20 MB Cache and 3.10 GHz processor base frequency. The values
in the table only shows the run time of each solver. An additional ∼ 1 hour was
needed to adapt the format of each cell to formats that are compatible with each
solver.

Fig. 4. Depiction of the polarizability convergence between COMSOL
and Scuff-EM for a unit sphere. For both solvers, increasing the number
of elements will led to the analytical result of 3 [37]. For COMSOL the
number of elements = number of 3D tetrahedral elements; for Scuff-EM
number of elements = number of faces.

For Scuff-EM, the number of elements is the number of tri-
angular surface mesh elements and for COMSOL the number
of elements is the number of volumetric tetrahedral mesh ele-
ments. Linear extrapolation to the N → � limit facilitates the
accurate calculation of the polarizability values using a feasible
number of meshing elements. Therefore, in both the COMSOL
and Scuff-EM polarizability calculations, the simulations were
performed at least two times, with different resolutions, before
linear extrapolation was performed to improve the accuracy of
the results. To explain the minor differences between COM-
SOL and Scuff-EM in Fig. 4, it is important to clarify that for
both COMSOL and Scuff-EM, the geometry of the stem cell
is described by its surface mesh representation. Scuff-EM uses
this surface mesh directly to calculate the polarizability tensor.
However, COMSOL converts this surface mesh into a volu-
metric mesh by dividing the medium inside and outside of the
surface of the stem cell into volumetric tetrahedrals. Therefore,
due to the differences in meshing, small geometrical differ-
ences can exist between the COMSOL and Scuff-EM, which
can lead to small differences in the calculated polarizability val-
ues. However, these differences should diminish as the number
of meshing elements is increased as shown in Fig. 4.

D. Electrostatic-Hydrodynamic Analogy

As depicted in Fig. 3(b), the electrical field line around
a perfect magnetic conductor is tangential to the surface of
the inclusion, which exactly resembles the fluid movement
around an insoluble object in a dilute suspension. The fact that
electrical field lines around such an inclusion in a dielec-
tric medium is analogous to the fluid movement along a par-
ticle in hydrodynamics forms the basis of the Electrostatic-
Hydrodynamic analogy [27], [48]. According to this analogy,
the intrinsic diffusivity and the intrinsic viscosity of the stem
cell can be estimated using the trace of the magnetic and electric
polarizability tensors, respectively, as summarized in Table IV
[37], [49]. The improvement of the approximation in Table IV
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TABLE IV
ELECTROSTATIC-HYDRODYNAMIC ANALOGY

can be achieved by using the whole polarizability tensor as dis-
cussed in [50].

III. RESULTS

A. Validations of the Polarizability Calculations Using
Different Solvers

Different solvers require different representations of the cell
geometry. For example, NIST FEM requires the volumetric raw
voxel representation whereas the Scuff-EM solver requires the
STL surface mesh representation. The raw voxel representation
of the cell’s morphology was converted to a stereolithogra-
phy (STL) surface mesh with varying levels of resolution. The
“down1” representation has the highest resolution and is clos-
est to the raw voxel representation of the cell. The “down16”
representation has the lowest resolution and the fewest num-
ber of surface triangles. Therefore, for an accurate comparison
between the NIST FEM results and the Scuff-EM results in
Table V, the raw voxel representation was used for the NIST
FEM Package whereas the “down1” representation was used for
Scuff-EM. Even though the “down1” surface mesh is close to the
volumetric raw voxels, there are still some differences between
the two representations. To illustrate these differences, Table VI
shows a comparison between the volume of the volumetric raw
voxel representation and the “down1” surface mesh representa-
tion of the cells. The percentage variation in the volume between
the two representations exceeded 20% for some cell representa-
tions. For these cells, the relative differences between the polar-
izability values calculated using the NIST FEM package and the
Scuff-EM solver are comparable to the differences in the vol-
ume of the two representations. Table V shows the comparison
between the diagonalized electric and magnetic polarizability
tensors calculated using the NIST FEM and Scuff-EM solvers.
Each family name corresponds to the cell morphology listed in
Table I. The polarizability values are dimensionless since they
are normalized by the volume of each respective cell. Additional
columns in Table V list the relative percent difference between
these values as calculated using (5):

% Difference =
|αScuf f − EM − αN IST − F EM |

αScuf f − EM
x 100 (5)

3NIST FEM was performed on the voxel representation of each cell morphol-
ogy.

4Scuff-EM was performed on the “down1” representation of the surface mesh
of each cell.

TABLE V
DIAGONALIZED POLARIZABILITY COMPARISON BETWEEN

NIST FEM3 AND SCUFF-EM4

We represent the diagonalized electric polarizability values in
a descending order such that P1 � P2 � P3 . The maximum per-
centage uncertainty between the NIST FEM and the Scuff-EM
results was 23.16% as observed in the case of the electric,αE ,
P1 component of the FG stem cell.

This difference in the P1 value is justifiable given that the
difference in volume between the volumetric raw voxel rep-
resentation and the surface mesh representation was 21% as
shown in Table VI. The diagonalized magnetic polarizability
values M1 , M2 , and M3 are also shown in Table V arranged such
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TABLE VI
COMPARISON OF VOLUME OF EACH CELL MEASURED FROM THEIR VOXEL REPRESENTATION AND “DOWN1” SURFACE MESH REPRESENTATION

that M1 � M2 � M3 . The maximum difference for the mag-
netic polarizability values was 20.22% as observed in the P3
component of the CG cell, which is comparable to the 17.88%
difference in the volume of the two different representations
used in the NIST FEM and the Scuff-EM packages.

As an additional independent validation step, Table VII com-
pares the polarizability values calculated using the FEM package
COMSOL and the Scuff-EM package. In this comparison, the
percentage uncertainty is defined as (6):

% Difference =
|αScuf f − EM − αC OM SOL |

αScuf f − EM
x 100 (6)

Both solvers used the “down4” representation and, therefore,
the agreement was even better and the differences were less
than 7% for all of the cell shapes. Note that the difference be-
tween Table VII and Table V is that Table V compares the
polarizability values calculated by the NIST-FEM solver with
the values calculated using the Scuff-EM solver. For Table V,
the “down1” mesh is used for Scuff-EM and the voxel repre-
sentation is used for the NIST-FEM solver. Table VII, however,
compares the polarizability values calculated using COMSOL
with those calculated using Scuff-EM both using the “down4”
mesh representation of the stem cells. The level of agreement
between the three independent solvers summarized in Table V
and Table VII adds further validity to the polarizability values
reported in this work.

One of the advantages of the NIST stem cell database, not a
detriment, is that it provides varying resolution levels for each
cell representation. Therefore, we were able to study the effect
of the meshing resolution on the calculated values of the po-
larizability. Scuff-EM was used to calculate the polarizability
tensors for all the meshing resolutions, “down1” to “down16”,
for the PPS stem cell. Fig. 5(a)–5(c) depict the diagonalized
electric polarizability values P1 , P2 , and P3 , respectively, cal-
culated for the PPS stem cell using surface meshes with varying
resolutions. Since each mesh has a slightly different volume,
the polarizability values were normalized with the volume of
each respective mesh. For the case of the PPS stem cell, Fig. 5
shows that if the coarsest representation, “down16”, is used, the
value of P1 drops by 49.4% from the value calculated using
the “down1” mesh. Similarly, P2 and P3 experienced a de-
crease of 38.85% and 49.5%, respectively, between “down1”
and “down16”. Other stem cells showed the same trend, where
the diagonal polarizability components decreased as the mesh
resolution became coarser. However, if we consider the ra-
tios P1 /P2 and P1 /P3 as depicted in Fig. 5(d) and Fig. 5(e),

TABLE VII
DIAGONALIZED POLARIZABILITY COMPARISON OF “DOWN4” MESH

REPRESENTATION BETWEEN SCUFF-EM AND COMSOL
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Fig. 5. Histogram of diagonalized electric polarizability tensor of the
PPS cell (for the specific cell identifier mentioned in Table I); (a) showing
49.4% decrease in the P1 value, (b) 38.9% decrease in P2 value and
(c) showing 49.5% decrease in the P3 value as the resolution is de-
creased from “down1” to “down16”. The individual values of P1 , P2 ,
P3 are sensitive to the meshing resolution while their ratios P1/P2 and
P1 /P3 are much less sensitive. The polarizability values are dimension-
less since they are normalized by the volume of respective cell.

respectively, a much smaller change in the ratios is exhibited as
the meshing resolution becomes coarser. The results in Fig. 5
were achieved using the PPS stem cell but several other cell
shapes showed a similar behavior but they were not included in
Fig. 5 for conciseness. Therefore, we can conclude that the ab-
solute polarizability values vary significantly with the resolution
of the mesh, but the polarizability ratios are less sensitive to the
meshing resolution. Therefore, if accurate absolute values for
the polarizabilities are required, the highest resolution should
be used in the calculation. However, if only the ratios of the
main polarizability components are required, a coarse meshing
representation can provide a good estimate at significant savings
in the computational time.

B. Elements of the Electric Polarizability Tensor

Another goal of this paper was to investigate different ways to
visualize any correlations between the polarizability results and
the shapes of the different stem cells. The diagonal elements
of the electric polarizability tensor are always represented in
descending order (P1 � P2 � P3). A spherical cell would have
P1 = P2 = P3 due to its symmetry, with P1

P2
= P1

P3
= 1. The

closer a stem cell is to being spherical, the closer its polariz-
ability ratios P1 /P2 and P1 /P3 will be to unity. Similarly, a 2D
circular disk would have P1 = P2 and both components will be
significantly larger than the third component P3 [48]. A 1D rod
would have P1 significantly larger than the other two compo-
nents, P2 and P3 , and if the rod has a circular cross section then
P2 = P3 . Therefore, a 2D plot having these two polarizability ra-
tios as axes would effectively represent the shape and electrical
behavior of any 3D object. Fig. 6 captures the effective dimen-
sionality of the 10 different cell morphologies considered. The
bottom left corner electrically represents a spherical cell having

Fig. 6. Encoding shape information from αE . The polarizability values
are ordered such that P1 � P2 � P3 . When P1/P2 and P1/P3 are
plotted, the upper right corner represents 1D rod-like shape, top left
corner is more 2D disk-like shapes and the bottom left corner is more
3D sphere-like. Cluster 1 represents the cell families grown on a planar
substrate hence obtaining a 2D disk like morphology while cluster 2
represents the cell families grown on 3D scaffolds.

P1
P2

= P1
P3

= 1; likewise, the top left corner represents a 2D disk

since P1
P2

= 1 and P1
P3

→ ∞ and top right corner represents a

1D rod having P1
P2

= P1
P3

→ ∞.
Cells cultured on planar substrates (SC+OS, CF, SC) were

closest to the top left corner of the plot, electrically representing
a 2D disk like behavior. Among the cells grown in 3D scaffolds
(NF, NF+OS, MF, PPS, MG, FG, CG), MG-grown cells are
closest to being spherical, indicating equi-axial morphology.
The remaining substrate groups showed elongated morpholo-
gies with NF being closest to the 1D rod corner. Therefore, the
polarizability ratios can be considered as alternative morphol-
ogy specifiers, given that the diagonalized polarizability values
are arranged in descending order (P1 � P2 � P3), which is
equivalent to aligning the cell such that its major axis is parallel
to the x-axis. The data in Fig. 6 were achieved using only 1
morphology per cell family as detailed in Table I, and therefore
the previous observations will be re-checked for a larger number
of cells in the following sections.

Another visualization technique to present the data summa-
rized in the three diagonalized components of the polarizability
matrix can be performed by calculating the polarizability of the
cell at different orientations. Rotating the cell along any of the
axes will effectively alter the polarizability matrix since by ro-
tating the cell we are altering the dimension and distribution of
the original cell morphology. The resulting polarizability matrix
after re-orienting the cell, A’, can be obtained by applying (7),

A′ = RART (7)

where A is the original polarizability matrix, R is the matrix for
proper rotations and RT is the transpose of R. For simplicity, let
us assume P1 is parallel to the x-axis, P2 is parallel to the y-
axis, and P3 is parallel to the z-axis in the Cartesian coordinate
system. If the cell is rotated around the y-axis, the rotation
matrix can be designated as Ry and if the cell is rotated around
the z-axis the rotation matrix can be designated as Rz . If the cell
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is rotated around both the y-axis and the z-axis, the effective
rotation matrix can be expressed as (8):

R = RyRz =

⎡
⎢⎣

cos β 0 sinβ

0 1 0
− sin β 0 cos β

⎤
⎥⎦

⎡
⎢⎣

cos γ − sin γ 0
sin γ cos γ 0

0 0 1

⎤
⎥⎦

=

⎡
⎢⎣

cos β cos γ − cos β sin γ sin β

sin γ cos γ 0
− sin β cos γ sinβ sin γ cos β

⎤
⎥⎦ (8)

where β = the angle of rotation around the y-axis and γ = the
angle of rotation around the z-axis. The effective polarizability
tensor A’ can now be expressed as (9):

A′ =

⎡
⎢⎣

cos β cos γ − cos β sin γ sinβ

sin γ cos γ 0
− sin β cos γ sinβ sin γ cos β

⎤
⎥⎦ X

⎡
⎢⎣

P1 0 0
0 P2 0
0 0 P3

⎤
⎥⎦

X

⎡
⎢⎣

cos β cos γ sin γ − sin β cos γ

− cos β sin γ cos γ sinβ sin γ

sinβ 0 cos β

⎤
⎥⎦ (9)

If we focus on only the xx component of the resultant polar-
izability matrix, it can be expressed as (10):

αEx x
= P1 cos2 β cos2 γ + P2 cos2 β sin2 γ + P3 sin2 β

(10)

For a spherical cell, since P1 = P2 = P3 = 3, αEx x
will

always have a constant value of three. For the case of an oblate
ellipsoid or a 2D disk, P1 = P2 , and therefore the resultant
αEx x

= P1 cos2 β + P3 sin2 β will only vary with respect to β
(rotation along y-axis). Equation (10) cannot be simplified fur-
ther in case of a prolate ellipsoid or 1D rod like morphology
since P1>>P2 and P1>>P3 implying that αEx x

will vary for
both β (rotation along y-axis) and γ (rotation along z-axis) for
a 1D rod-like morphology. These observations can be used to
interpret polarizability measurements from a single cell at mul-
tiple orientations to identify whether the cell is more spherical,
more oblate-like, or more prolate-like in shape.

To clarify these observations, Fig. 7 shows a plot of αEx x

from (10) for different cell types. In each subplot, the αEx x

value is normalized by P1 for different combination of β and γ
values. Fig. 7(a) shows the case of a sphere and it is clear that
the rotations around the y-axis or z-axis will have no impact on
the value of αEx x

. Fig. 7(b) shows the “stripes” pattern typical
of a 2D disk where the αEx x

values will change with respect
to rotation angles around the y-axis but will stay constant with
rotations around the z-axis. This is why Fig. 7(b) is constant for
different values of γ and varies with β. For a 1D prolate shape,
the values of αEx x

will vary with β and γ creating the rounded-
square pattern shown in Fig. 7(c). Fig. 7(d) shows the value of
αEx x

due to the variations in β and γ, according to (10), for the
Matrigel cell shape. By comparing Fig. 7(d) with Fig. 7(a), the
polarizability values of Matrigel at multiple cell orientations can
be used to infer its approximately spherical shape. In the case
of the SC+OS cell, it has a flattened morphology with multiple
rod-like protrusions and, therefore, we expect the polarizability
behavior for multiple orientations to provide a pattern that is a

Fig. 7. Pseudo-color (checkerboard) plot of αEx x normalized by P1
(adjacent color bar showing the values of αEx x normalized to the
maximum value found). β is the angle of rotation around the y-
axis and γ is the angle of rotation around the z-axis (in degrees).
For each subplot, only one cell is shown from each family. The
“022614_SJF_Matrigel_1d_63x_05” cell from the MG family (d) is sim-
ilar to a sphere (a). The “080713_SJF_NF1_d1_63x_18” cell from
the NF family (f) electrically resembles a 1D rod shown in (c). The
“091313_SJF_SC+OS_d1_ 63x_18” from the SC+OS family (e) does
not accurately replicate the behavior of a 2D disk (b) because of its
distribution along minor semi-axis.

hybrid of the oblate and prolate patterns. Fig. 7(e) shows the
αEx x

due to the variations in β and γ for the SC+OS cell and
it is clear that the pattern is a hybrid of the pattern in Fig. 7(b)
and that in Fig. 7(c). The NF cell shape is very close to that
of a prolate ellipsoid and therefore its αEx x

pattern in Fig. 7(f)
shows significant resemblance to that of a 1D prolate rod shown
in Fig. 7(d).

It is important to emphasize that the previously described ob-
servations were achieved using only a single morphology from
each cell family. Within each family, there is significant cell-
to-cell variability and, therefore, a larger number of cells from
each family needs to be examined before these observations
can be converted into solid conclusions. However, the main
contribution of this Section is to: (i) adapt multiple numerical
techniques to accurately calculate the polarizabilities of highly
complex stem cells, (ii) quantify how the polarizabilities depend
on the resolution of the mesh used to represent the stem cell,
and (iii) develop efficient techniques to visualize the variations
in theses polarizabilities between different cells within the same
family or in different families.
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Fig. 8. Encoding shape information from αM . The ratios are plotted in
the same manner as Fig. 6. However, the range of ratio values is not as
expansive as in Fig. 6, which was calculated from αE . The coordinates
for SC+OS and SC, which had the most flat morphology, are located
at the top right corner indicating that the principle polarizability value is
larger than the other two polarizability values, as in a 2D disk-like mor-
phology. Only one morphology is used for each cell family as described
in Table I.

C. Elements of the Magnetic Polarizability Tensor

We also calculated the magnetic polarizability tensor (αM )
values, M1 , M2 , and M3 , and plotted the values for the 10 differ-
ent cell shapes in Fig. 8. The diagonalized magnetic polarizabil-
ity values were arranged in descending order M1 � M2 � M3 .
Similar to Fig. 6, the x-axis of Fig. 8 shows the ratio M1 /M2 and
the y-axis shows the ratio M1 /M3 . Comparing Fig. 8 with Fig. 6,
it is clear that the magnetic polarizability values are concentrated
within a smaller range than the electric polarizability values.
Hence, the αM values are more challenging to use as a shape
classifier than the αE values. Even so, some observations can be
derived from Fig. 8. Magnetic polarizability components show
an opposite trend to that of the electric polarizability compo-
nents discussed in the previous section. Hence, disk-like oblate
ellipsoids will have an M1 value that is significantly larger than
the M2 and M3 components [48]. Therefore, any object having
a flat morphology, similar to that of a thin oblate ellipsoid, will
have an M1 value that is significantly larger than the M2 and M3 .
Consequently, the upper right corner of Fig. 8 will represent a
disk-like shape. That is why we observed the largest values of
M1 /M2 and M1 /M3 for the SC and SC+OS stem cells, implying
the same observation we drew from Fig. 6 that cells cultured on
a 2D substrate are more likely to behave as a 2D disk under an
external electrical field. Similar to the previous subsection, the
observations achieved from Fig. 8 were obtained using a single
shape from each family and a larger number of cells from each
family will be simulated in the future to draw more accurate
conclusions.

Fig. 9. (a) Histogram plot of the intrinsic viscosity [η] of ten cell shapes.
(b) Group 1 had the same building material (hydrogel) yet show a differ-
ence in [η], (c) Group 2 indicates addition of a soluble factor (OS) might
increase the value of [η] in planar substrates (d) Group 3 is based on
the 3 families made from same polymer [poly(ε- caprolactone), PCL].

D. Intrinsic Viscosity

By using the Electrostatic-Hydrodynamics analogy, we can
use the electric polarizability values to calculate the intrinsic
viscosity of the stem cells. This will allow us also to quan-
tify how the cell’s morphology impacts the intrinsic viscosity
η of the cell (see Table IV), a quantity that describes the pres-
ence of the cells at low concentration increases the viscosity
of the fluid overall. Intrinsic viscosity is a measure of the con-
tribution of the suspended particles to the overall suspension
viscosity. It is defined as [η] = limφ→0

η−η0
φη0

, where [η] is the
intrinsic viscosity of the suspended particles, φ is the volume
fraction of the suspended particles, η0 is the viscosity of the
solution in absence of the suspended particles, and η is the
viscosity of the suspension. We can calculate the intrinsic vis-
cosity, using the analogy in Table IV, from the polarizability
results.

Fig. 9 shows the intrinsic viscosity of the 10 different stem
cells. MG, FG and CG are all obtained from hydrogel yet their [η]
values differ significantly. CG and FG have significantly large
[η] compared to other cell morphologies because of their dis-
tributed volume. The NF and the NF+OS cells were grown in a
geometrically identical environment but with different chemical
composition since the soluble factor Osteogenic Supplements
(OS) was added only to the NF+OS cells. The comparison of
the [η] of the NF and the NF+OS cells, and the [η] of the SC
and the SC+OS cells, indicates that modifying the chemical
composition of a cell’s environment can affect its intrinsic
viscosity [η].

E. Intrinsic Conductivity [σ] for Variable Conductivity
Contrast Δ

So far, we have only considered the calculation of the electric
and magnetic polarizability tensors αE and αM . The αE values
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are calculated when the ratio between the electrical conductivity
of the cell and the electrical conductivity of its environment is
equal to infinity, whereas the αM values are calculated when this
ratio is equal to zero. Therefore, αE and αM represent the two
limiting cases for the electrostatic polarizability. In a practical
scenario, the cell will have a finite contrast with respect to its en-
vironment. The ratio between the electrical conductivity of the
cell and the electrical conductivity of its environment, Δ, will
be finite and non-zero. Garboczi and Douglas introduced a Padé
approximant formulation that we use to estimate the intrinsic
conductivity of a particle, [σ]Δ , with an arbitrary shape at finite
contrast via the knowledge of only [σ]0 and [σ]∞, where these
quantities are defined as [σ]∞ = 1

3 tr(αE ) and [σ]0 = 1
3 tr(αM )

[44]. The intrinsic conductivity [σ]Δ represents the average po-
larizability of the particle at multiple orientations when the par-
ticle has an arbitrary contrast Δ with respect to its environ-
ment. Similarly, [σ]0 and [σ]∞ represent the average polar-
izability of the particle at multiple orientations for Δ = 0 and
Δ = ∞, respectively. Equation (11) gives the Padé approximant
as [44]:

[σ]Δ =
[σ]∞(Δ − 1)2 + a (Δ − 1)

(Δ − 1)2 +
(
[σ]∞ + a

d

)
(Δ − 1) + a

(11)

where d = spatial dimensionality of the particle. For our study,
all particles are 3D (even the flattened cells). The parameter a
is a shape dependent parameter defined as follows [44]:

a =
[σ]∞ − [σ]0 + [σ]∞[σ]0

1 +
(
1 − 1

d

)
[σ]0

(12)

The accuracy of the Padé approximant was demonstrated for
a wide variety of shapes such as worm-like carbon nanotubes
and crumpled graphene flakes [37]. In this work, our goal was
to test the accuracy of the Padé approximant for shapes as com-
plicated as the stem cell morphologies shown in Fig. 1. The
Padé approximant can significantly reduce the computational
time needed for numerical computation of [σ]Δ . Fig. 10(a) and
Fig. 10(b) show the Padé approximant versus the intrinsic con-
ductivity calculated using COMSOL for the PPS and FG stem
cells, respectively, at “down4”. As shown in Fig. 10, the good
agreement between the Padé approximant and the COMSOL
calculations for multiple contrast values, Δ, validate the approx-
imation. Using COMSOL, the intrinsic conductivity at each Δ
value required ∼ 21 hours of run time whereas the Padé approx-
imant required essentially no time at all, provided that [σ]0 and
[σ]∞ were calculated beforehand.

F. Minimum Enclosing Ellipse (MEE)

So far, all our previous results only considered 10 cell mor-
phologies, one from each family. Our goal now is to explore the
variations in the polarizability of cells with respect to different
cells within each family. Therefore, we calculated the electric
polarizability values, i.e., Δ = �, of hundreds of shapes from
each of the ten families to observe the variance in the calculated
values. Since the Padé approximant only estimates the polar-
izability values at a finite contrast Δ and given that the three
different solvers used in this work showed excellent agreement,
only the Scuff-EM solver was used for all the cell shapes because

Fig. 10. Padé approximation for the intrinsic conductivity values in com-
parison to the COMSOL results obtained for 20 different finite contrasts
(Δ) illustrated for the case of two families (a) PPS and (b) FG. Each of
the FEM simulations took approximately 1 day whereas the Padé ap-
proximation can approximate the same in seconds if only the [σ]0 and
[σ]∞ values are provided.

of its’ reduced computational time requirement. In each case,
the “down4” representation of each cell was used. The “down4”
representation is not the finest mesh but if we focus on the po-
larizability ratios, P1

P2
and P1

P3
, similar values can be achieved

as those achieved using the “down1” representation with the
highest resolution as concluded from Fig. 5. This section sum-
marizes the results of hundreds of stem cell polarizability ratios
from the ten different families. One powerful tool to extract the
useful observations from this large set of results is to enclose the
polarizability ratios, P1

P2
and P1

P3
, obtained from the hundreds of

morphologies simulated from each family into a hyper-sphere
(in this case a 2D ellipse) [51].

The dimension of the hyper-sphere will then contain the in-
formation about the variance of the data set. Khachiyan et al.
first introduced the algorithm as an optimization problem to find
the ellipsoid with the smallest volume that encloses all the given
data points in an n-dimensional space in [51]. The general form
of an ellipsoid in center form can be written as (13) [52]:

ε = {x ∈ Rn |(x − c)T A (x − c) = 1} (13)
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Fig. 11. Implementation of Minimum Enclosing Ellipse (MEE) to rep-
resent the 87 polarizability ratios calculated from 87 different cell mor-
phologies from the MF family. The parameters a and b are the lengths
of the semi-axes of the ellipse.

where x are the data points, c is center of the ellipsoid in n
dimensional space and A is an n × n matrix containing the
information about dimension and orientation of the ellipsoid.
The volume of the ellipsoid in this form is given by (14) [52]:

V ol (ε) =
νo√

det (A)
= ν0 det

(
A−1) 1

2 (14)

where ν0 is the volume of the unit hypersphere in dimension n.
Now, to enclose a set of m data points in n dimensional space
S = {f1 , f2 , f3 , . . . fm} ∈ Rn , we must impose the constraints
that all the m points fi are inside the boundary of the ellipsoid
[52] i.e.,

(fi − c)T A (fi − c) ≤ 1 i = 1, 2 . . . m (15)

So, the optimization problem can be formulated as (16)

minimize det
(
A−1)

subject to (fi − c)T A (fi − c) ≤ 1 i = 1, 2 . . . m
(16)

Calculating the singular value decomposition (SVD) of ma-
trix A will provide us the information about the length of the
semi-axes and orientation of the principal axes of the enclos-
ing ellipse [52]. Adopting the numerical implementation of the
above-mentioned algorithm, we simulated all cell morphologies
in the NIST database. The electric polarizability ratios from each
of the ten families are then clustered as a minimum area ellipse
as shown in Fig. 11. The successful implementation of MEE is
demonstrated for the case of one cell family (e.g., Microfibers
(MF)) in Fig. 11. We opted for calculating the MEE that en-
closes all the polarizability values even the outliers as shown in
Fig. 11. We could have focused on obtaining a smaller MEE by
enclosing a smaller percentage of the cells (∼80% for example)
that show similar polarizability values. But we opted for calcu-
lating the MEE as indication of the maximum variability in the
polarizability values that can be obtained in each family.

We computed the enclosing ellipse for all the ten cell families
in similar fashion. Table VIII summarizes the number of cells
simulated from each family as well as the properties of the

TABLE VIII
THE SEMI-AXES OF THE MINIMUM ENCLOSING ELLIPSE (MEE)

ALGORITHM FOR ALL TEN CELL FAMILIES

MEE such as the semi-minor axis (a), the semi-major axis (b),
the area of the MEE, and the tilt angle the MEE makes with the
x-axis. Since P1 � P2 � P3 , the minimum tilt angle is 45°which
occurs when occurs when P2 = P3 . Large tilt angles, indicate
that the ratio between P1 /P3 and P1 /P2 is large (i.e., P1

P3
� P1

P2
),

indicating that P2 is significantly larger than P3 . Therefore,
large tilt angles indicate shapes which have two dimensions
larger than the third, i.e., oblate in nature, whereas small tilt
angles indicate shapes that have one dimension larger than the
other two, i.e., prolate in nature.

To make the observation visually less complicated, we divided
the MEE of the 10 cell families into three different subplots in
Fig. 12. The subplots were categorized according to the scaffold
material and characteristics of the cell families. MF, NF, and
NF+OS are grouped in one subplot, Fig. 12(a), since they all
were made from the same PCL polymer. Fig. 12(b) incorporates
the three cell families that were grown on 2D planar scaffolds
CF, SC, and SC+OS. The remaining scaffolds CG, FG, and
MG are 3D scaffolds, and their MEE polarizability results are
grouped together in Fig. 12(c).

From the cell clustering, we can deduce some significant
understanding about the electrical behavior of the ten different
cell families. The MEE for the MF family has the smallest area
of the three cell families in Fig. 12(a), indicating less variations
in the cell’s polarizability values than the NF and the NF+OS
families. For the MF family, the cells were grown on a scaffold
composed of microfibers whereas for the NF family the cells
were grown on a scaffold composed of nanofibers. Therefore, the
main conclusion from Fig. 12(a) is that the larger features sizes
of the MF scaffold reduce the possible shape variations similar
to the case of a pixelated screen where coarser resolutions lead
to fewer pixels per unit area and a smaller number of possible
shape variations.

The results in Fig. 12(a) and Fig. 12(b) show that adding a sol-
uble factor (i.e., Osteogenic Supplement) to create the SC+OS
and NF+OS scaffolds, generate cells with polarizability values
that cover the same range of values as the SC and NF cells.
The same conclusion can be achieved from Table VIII which
shows that the MEE area and tilt angle of the SC family and the



BAIDYA et al.: ANALYSIS OF DIFFERENT COMPUTATIONAL TECHNIQUES FOR CALCULATING THE POLARIZABILITY TENSORS 1829

Fig. 12. Cluster presentation of (a) NF, MF, NF+OS; (b) CF, SC,
SC+OS and (c) CG, FG, PPS, MG using Minimum Enclosing Ellipse
(MEE). (results obtained from Scuff-EM using the “down4” mesh rep-
resentation). a is the semi minor-axis and b is the semi major-axis of
respective minimum area ellipse for each cell family.

SC+OS are very similar. Similar observations can be achieved
by comparing the NF and the NF+OS values in Table VIII.

The cell family showing the most variations, that is the MEE
with the largest area, is the CF family. The scaffold used for this
family is 2D in nature and Fig. 12(b) shows that 2D scaffolds
(SC, SC+OS, and CF) typically lead to more variations in the

polarizability values of cells than most 3D scaffolds. The SC,
SC+OS, and CF families also show higher tilt angles than most
other families. This can be seen by comparing the orientations
of the MEEs in Fig. 12(a) and Fig. 12(b) and also by looking at
the tilt angle entries in Table VIII. Therefore, the SC, SC+OS,
and CF families lead to cells which are more oblate in shape
than the other families.

The remaining 3D families in Fig. 12(c) show that the CG
family has the largest variations followed by the FG, then the
PPS family, and the MG gamily shows the least variations.
This can be observed by comparing the areas of the ellipses
in Fig. 12(c) and the entries in Table VIII. The MG scaffold
generate cells which are almost spherical in shape with minimal
variations and therefore their polarizability values are clustered
over the smallest areas.

A final comment on the Fig. 12 and Table VIII is that these
results were obtained from a finite number of cells. Larger cell
distributions are needed to draw firm conclusions about the
cell populations grown under different conditions. However,
the current paper focuses on the methodology of calculating
the polarizability values for complex shaped cells and how to
visualize their variations in a clear and informative manner.

IV. DISCUSSIONS

The numerical experiments performed in this work validate
the calculated polarizability values and shed light on the ad-
vantages and disadvantages of different numerical techniques
and meshing resolution. However, more importantly, calculat-
ing the polarizability tensors at any contrast between the cell
and its environment paves the way to many applications such
as predicting the hydrodynamic, dielectrophoresis, and elec-
troporation response of stem cells. For example, by invoking
the well-established theory of the Electrostatic-Hydrodynamic
analogy [27], we can predict the variations in the hydrodynamic
properties of stem cells grown in different environments. Di-
electrophoresis (DEP), defined as the force exerted on a cell
due to a specific electrical excitation, is directly proportional to
the elements of the generalized polarizability tensor [53]. This
force,

−−−→
FDEP , acting on a cell can be quantified as (17) [53]

−−−→
FDEP =

1
2
αV

(∇E2) (17)

where, α is the volume normalized polarizability of the parti-
cle, V is the volume of the cell. Therefore, the DEP force has a
strong dependency on the polarizability of the cell or particle in
general [54]. The DEP force has been frequently employed in
the separation of particles with different shapes and properties.
This is because, particles with different shapes will have differ-
ent polarizability values, α, leading to different forces that can
be leveraged in separating a heterogeneous mixture of particles.
Frederick et al. successfully employed this phenomena to iso-
late cancer cell line MDA231 from erythrocyte and T lymphocyte
blood cells in an in vitro condition [54]. They observed that, can-
cer cell lines experience a different DEP force than the normal
cells when subjected to a rotating electric field due to their vari-
ation in morphology, microvilli inclusion and membrane folds.
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Regtmeier et al. experimentally evaluated the differences in po-
larizability between two DNA fragments of different shapes: (i)
linear and (ii) supercoiled. Based on this differences in polar-
izability, the DNA fragments with different shapes experienced
different

−−−→
FDEP behavior which was successfully leveraged for

their separation [55]. The main goal of this work is to explore
different computational techniques to calculate the polarizabil-
ities of realistic and complex cell shapes grown in different en-
vironments. Accurate calculation of these polarizability values
can help in predicting the

−−−→
FDEP , experienced experimentally

by cells, guiding cell separation experiments similar to those
reported in [56]–[59].

The induced transmembrane voltage (ITV) on the cell mem-
brane under the excitation of an external electric field is also a
direct function of the polarizability of the cell and its electric
properties [60]. The ITV plays a significant role in the formation
of aqueous pores, termed electroporation, which emerge at the
cell membrane locations where the ITV exceeds a certain thresh-
old [61]. This enables the introduction of therapeutic drugs into
the cell, which are not easily passed through the membrane in
natural conditions [61]. Therefore, an accurate calculation of the
polarizability of a stem cell will shed light on the effectiveness
of the electroporation process due to a specific electric stimulus.

On a different note, there is significant interest in the overall
electrical properties of tissues made of a composite of cells and
other structures. By invoking the Effective Medium Approxi-
mation, the effective electrical properties of these tissue can be
expressed as a function of the polarizability of the constituting
cell types [62]. Therefore, the calculation of the polarizability
of cells of different shapes can be used to predict the effective
electric properties of tissues [62].

V. CONCLUSIONS

In this paper, the electric properties of a large number of
stem cells with realistic three-dimensional (3D) morphologies
are calculated. The stem cell morphologies were obtained from
a database recently introduced by the National Institute of Stan-
dards and Technology. The electric properties that we focused
on were the electrostatic electric polarizability, the magnetic po-
larizability, and the polarizability at an arbitrary contrast. Mul-
tiple computational techniques and multiple resolutions were
tested for each cell for cross-validation and to show the effect
of shape resolution on the electrical polarizabilities. This work
shows that the environment of the stem cells can have a sig-
nificant effect on the shape leading to polarizability values that
are significantly different from each other and from a simple
sphere. Furthermore, we introduced different techniques to vi-
sualize the variations in the polarizability values with respect
to the shape of different cells from within one family and with
respect to cells from different families. Finally, a Padé approx-
imant was shown to accurately estimate the polarizability of a
stem cell at arbitrary electrical conductivity contrast using only
the electric and magnetic polarizabilities. We believe that these
results can be used as a benchmark for the polarizability calcula-
tion of 3D biological and non-biological particles with complex
3D shapes. Moreover, in many previously reported studies, the

shape of stem cells were assumed to be approximately spherical
when designing experiments for their electric characterization
and during the interpretation of the measured results. The polar-
izability values in this work will aid in designing more accurate
experiments and a more accurate interpretation of the measure-
ment results, which has the potential to advance the electrical
characterization of biological cells.
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