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Abstract— Graphene flakes (GFs) in real composites are rarely
perfectly flat, and often exhibit complicated crumpled shapes.
Therefore, the goal of this paper was to quantify the elec-
tromagnetic scattering characteristics of individual crumpled
GFs with shapes resembling those found in real composites.
The extinction cross sections of tens of GFs, with different
sizes and various levels of crumpleness, were calculated using
multiple independent solvers. The results show that resonances
in the extinction cross section spectrum decrease in amplitude
as the GFs become more crumpled. Moreover, some crumpled
GFs exhibited a broader resonance than that of perfectly flat
GFs. To explain these results, we used a characteristic mode
analysis to decompose the graphene surface currents into a set
of fundamental currents or modes. For perfectly flat square GFs,
the vertical and horizontal modes were found to overlap and
resonate at the same frequencies. However, as the GFs became
more crumpled, the horizontal/vertical symmetry broke down
causing the corresponding modes to separate and resonate at
different frequencies leading to an overall broader bandwidth.
These results attest to the importance of modeling the exact shape
of GFs to accurately characterize their electromagnetic response.

Index Terms— Characteristic mode analysis (CMA), crumpled,
electromagnetic response, graphene flakes (GFs).

I. INTRODUCTION

GRAPHENE, a 2-D monolayer of sp2 hybridized carbon
atoms arranged in a honeycomb lattice, has received
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significant interest for its combination of unique chemi-
cal and electronic structure. Graphene exhibits exceptional
mechanical, thermal, and electrical properties which led to
the incorporation of graphene flakes (GFs) in a plethora of
composites [1]–[4]. However, all GFs undergo fluctuations and
cannot be perfectly flat. Even those GFs are designated as flat
experience crumpleness on the order of tenths of nanometers
due to thermal fluctuations of the carbon atoms [5].

In composites, GFs are more crumpled, and they tend to
exhibit complex crumpled shapes [6]–[8]. In addition to their
crumpled shapes, different GFs also show randomness in their
orientation and are rarely perfectly aligned with each other
inside the composite.

Deng and Berry [6] discussed the factors that can lead to
ripples, wrinkles, or crumples in GFs. These factors include
thermal vibrations, differences in the thermal expansion coef-
ficient of the GFs and the substrate on which it is grown,
solvent surface tension during the transfer process of the GFs
from the substrate to its new host, and the evaporation process
of any trapped solvent [6]. Moreover, recent advancements in
the fabrication technology allow the fabrication of GFs with
controlled shapes [9], [10]. Since GFs are typically crumpled,
the effect of the crumpleness of the GFs on their mechanical,
thermal, and electrical properties has attracted wide attention.
For example, GFs with wrinkles or crumples were found to
reduce the thermal conductivity by 27% in comparison to
wrinkle-free GFs [11]. All the previous studies indicate to the
significance of understanding how the properties of crumpled
GFs differ from perfectly flat ones. Therefore, the goal of this
paper is to study the electromagnetic scattering characteristics
of crumpled GFs compared to perfectly flat GFs.

The electromagnetic scattering characteristics of flat
GFs have received rising interest in the last decade.
Llaster et al. [12] studied the scattering properties of graphene-
based nanopatches placed in free space or on a substrate
compose of silica or silicon. Their computational studies
showed that the resonance in the extinction cross section
spectrum of the GFs shifts to lower frequencies and the peak
amplitude decreases when it is placed on a substrate [12].
Costa et al. [13] analyzed the absorption cross section of flat
graphene nanoantennas of different sizes, chemical potential,
and temperature. They also studied flat canonical shapes like
triangular and circular GFs and they showed that the shape of
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the GFs has a substantial effect on the peak amplitude and a
weak effect on the frequency of the resonance in the extinction
cross section spectrum. They also showed that the chemical
potential of a GF could be used to tune both the frequency
and the peak amplitude of the resonances for all graphene
shapes. Most of the previous studies simulated the graphene
structure using frequency domain solvers such as the method
of moments (MOM) or the finite-element (FE) analysis which
are suited for modeling the frequency dispersive properties
of graphene. However, Nayyeri et al. [14], [15] represented
the surface conductivity of graphene as a series of partial
fractions to allow the simulation of various graphene-based
structures using the finite difference time domain method. Sev-
eral simplified models were developed to reduce the compu-
tational complexity of the full-wave electromagnetic analysis
of GFs [16], [17]. For example, Cao et al. [16] developed
the partial element equivalent circuit method for a perfectly
flat graphene patch. Raeis-Zadeh and Safavi-Naeini [17] used
the generalized multipole technique to study the electromag-
netic scattering and the field enhancement factor of isolated
graphene disks and graphene nanodimers. In all the previous
studies, the GFs were perfectly flat, and no curvature or crum-
pleness was incorporated in the graphene shapes studied.
To the best of our knowledge, the cloaking application is the
only case where curvature in the GFs was included [18], [19].
In that case, nonflat GFs were wrapped around a cylindrical
target to reduce its electromagnetic signature [18], [19]. This
paper is the first time that the electromagnetic responses of
crumpled GFs are simulated. Moreover, this is the first time
that the effect of graphene crumpleness on the electromagnetic
response has been quantified.

The basic assumptions of our study were that all the GFs
were embedded in free space, and we limit our simulations
to maximum frequency of 4 THz, below which the intraband
conductivity dominates the graphene response [12], [13], [20].
Expressions for the intraband conductivity were obtained
using the Kubo formula, and the scattering characteristics
of the GFs were calculated using classical electromagnetic
solvers and assuming the following time dependence (e jωt). To
explain the electromagnetic response of these crumpled GFs,
we used the characteristic mode analysis (CMA) developed
by Garbacz [21] and Harrington and Mautz [22]–[24]. In the
CMA analysis, the surface current on a GF is decomposed
into a set of fundamental modes that are calculated via an
eigenvalue problem. By studying how the behavior of these
modes varies with the level of crumpleness, we explain the
electromagnetic response of the GFs. In summary, this paper
has two main goals. First, we calculate the electromagnetic
response of crumpled GFs using classical electromagnetic
simulations. Second, we use the CMA to quantify and validate
the correctness of the calculated electromagnetic response.

This paper is organized as follows. Section II describes the
coarse-grained molecular dynamics (MD) model that we used
to generate the crumpled GFs, how alignment was achieved,
and what surface conductivity model was used for the GFs.
Section III presents the numerical results and Section IV
explains these results using the CMA. Finally, Section V
summarizes the conclusion.

Fig. 1. (a) Graphene coarse-grained model. In the upper panel, we represent
the GF as a square lattice of 102 soft spheres (gray spheres) connected by
springs (light blue cylinders) and (b) GF representative snapshot, defined by
the centers of the spheres in (a), after the spheres reached thermal equilibrium.

II. CRUMPLED GRAPHENE FLAKES MODEL

A. Graphene Flakes Morphologies

Realistically shaped GFs are generated using a coarse-
grained model based on MD simulations. The coarse-grained
model has been previously used to study the transport
properties of 2-D polymers [25], the interactions of DNA-
based nanomaterials [26], and the electrostatic properties of
GFs [27]. The details of the model are presented in our
previous work [27]. However, for completeness, the model is
briefly described in this section.

In the coarse-grained model, each GF is represented as a
square lattice of N × N soft beads, shown as gray spheres
in Fig. 1(a), connected by springs, shown as light blue
cylinders in Fig. 1(a). The model is termed coarse-grained
since each bead in Fig. 1(a) corresponds to many carbon
atoms to reduce computational complexity. The beads were
then allowed to move, until they reached equilibrium via the
MD simulations summarized in the Appendix. The centers of
the spheres were then used to construct the equivalent GFs,
as shown in Fig. 1(b), which were forwarded to the electro-
magnetic solvers discussed in the following section. In this
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paper, the spheres had a diameter of 1 μm, and different sizes
were achieved by varying N . The spheres overlap slightly.
Therefore, for a GF with N × N spheres, the equivalent GF
reconstructed from the center of these spheres has a surface
area of 0.96 N× 0.96 N = 0.92 N2μm2. Three GF sizes were
considered: N = 10, N = 20, and N = 50.

The waviness or average curvature of 1-D wire-like struc-
tures like polymeric chains and carbon nanotubes is typically
quantified using the persistence length [28], [29]. The persis-
tence length, P , is a measure of how hard it is to bend a 1-D
chain. Therefore, the larger the persistence length, the more
difficult it is to bend the 1-D chain and the straighter it appears.
The persistence length, P , of an ensemble of 1-D chains can
be calculated using the standard definition [28]

P = 〈Re · L1〉
〈L1〉 (1)

where 〈〉 refers to the average over the ensemble of 1-D chains,
Re is the end-to-end vector of the 1-D chains, and L1 is the
vector tangent to the first segment of each 1-D chain.

To the best of our knowledge, there is no quantitative
parameter similar to the persistence length that can be used
to quantify crumpleness in the semiflexible 2-D polymer-like
GFs considered in this paper. Therefore, we introduce the new
parameter, persistence area (PA), as the 2-D extension of the
classical 1-D persistence length. To calculate, PA , we divided
each GF into N vertical 1-D chains [e.g., chain 1 is formed
by bead number (1, 2, 3 . . . , 10) and chain 2 is formed by
bead number (11, 12, 13, . . . , 20)] as labeled in Fig. 1 and
we calculated the persistence length of these chains which
we termed Py . Py is a single value that describes the overall
nonstraightness or curvature of these N 1-D vertical chains.
Then we divided the GF into N horizontal 1-D chains [e.g.,
chain 1 is formed by bead number (1, 11, 21, . . . , 91) and
chain 2 is formed by bead number (2, 12, 22, . . . , 92)] as
labeled in Fig. 1 and we calculated the persistence length
of these 1-D chains which we termed Px . Px is a single
value that describes the overall nonstraightness or curvature of
these N 1-D horizontal chains. Using Px and Py , PA can be
expressed as

PA = Px Py

Lx L y
(2)

where Lx and L y are the lengths of the horizontal and vertical
1-D chains composing the GF, respectively. If the GF is
perfectly flat, Px = Lx and Py = L y . PX and Py decrease
as a GF becomes more crumpled, whereas L X and L y will
stay constant leading to an overall decrease in the value of
PA . Therefore, the values of PA range from 1 to 0, being 1
for perfectly flat surfaces and less than one for crumpled GF
as shown in (2).

Two levels of crumpleness were considered in this paper:
highly crumpled (HC) and slightly crumpled (SC). The HC
GFs had a PA = 0.28 and the SC GFs has a PA = 0.64.
Examples of a perfectly flat, an SC, and an HC GF are shown
in Fig. 2.

Fig. 2. Different GFs represented from left to right. (a) Flat. (b) SC.
(c) HC GF.

B. Electromagnetic Analysis of Graphene Flakes

All the GFs simulated in this paper were simulated as thin
sheets with a surface conductivity described by the following
drude model:

σ(ω) = 2e2kB T

π�2 ln

[
2 cosh

(
μc

kB T

)] − j

(ω − jτ−1)
(3)

where e is an electron charge, kB is the Boltzmann’s constant,
T is the temperature, h̄ is the reduced Planck’s constant,
μc is the chemical potential, j is the

√−1, ω is the radial
frequency, and τ is the relaxation time. Equation (3) represents
the intraband portion of the surface conductivity and, therefore,
is only valid in the microwave and terahertz range where
the interband term is negligible. By assuming zero chemical
potential μc = 0, the surface conductivity in (3) can be
expressed as

σ(ω) =
(

2 ln(2)e2kB T

π�2 τ

)
1

1 + jωτ
(4a)

σ(ω) = σ0

1 + jωτ
where σ0 = 2 ln(2)e2kB T τ

π�2 . (4b)

The distributed surface impedance of the GF can be
expressed as the inverse of the surface conductivity as

ZG(ω) = 1

σ(ω)
= 1

σo
+ jω

τ

σo
= RG + jωLG (5a)

RG = π�
2

2 ln(2)e2kB T τ
LG = π�

2

2 ln(2)e2kB T
(5b)

where RG and LG are the resistive and inductive components,
respectively, of the distributed surface impedance ZG . In this
paper, we assume that the conductivity σ and the surface
impedance ZG do not vary with the level of crumpleness
in order to isolate the effect of variations in shape on the
electromagnetic response of GFs.

The GFs considered in this paper exhibit highly complex
shapes and, therefore, their electromagnetic response is not
uniform in all directions for a given incident direction. In this
paper, we calculate the total extinction cross section (Cext)
defined as the summation of: 1) the absorbed power and
2) the power carried by the scattered fields in all directions,
normalized with the power density of the incident wave [29].

Therefore, Cext represents the total signature of the GF for
a given incident direction and it is calculated as follows:

Pext = 0.5Re

(∫
I ∗.Ei ds

)
(6a)

Cext = Pext

|Ei |2/2η
(6b)
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Fig. 3. Two SC GF that are (a) randomly oriented and (b) aligned such that
their major axis/dimension is parallel to the x-axis.

where Pext represents the sum of the absorbed power and
the scattered power in all directions around the GF. The
symbol (∗) represents the conjugate transpose of the total
surface current (I ) and Ei represents the incident electric field.
The dot product in (6a) is integrated over the surface of the GF
to yield the total extinction power. The parameter η represents
the intrinsic impedance of free space which is the medium
where the GFs are embedded.

In (3)–(5), it was shown that the relaxation time τ has a
strong effect on the distributed surface impedance of graphene
ZG , especially on the resistive part RG . From (5b), it is
clear that RG is inversely proportional to τ and, therefore,
higher τ values will lead to a decrease in RG and a reduction
in the losses in the GF. Reported values of τ vary from
0.1 ps, [12], [13], [16], [17], to 1 ps, [16], [30]–[34]. This
wide variability in the value of the relaxation time can be
explained, in part, by the variations in the quality of the
graphene fabricated. Higher τ values typically correspond to
higher quality GFs containing a lower number of defects,
fabricated using mechanical exfoliation [35]. For this season,
we study two values for τ in the following sections, to cover
the range seen in practice: τ = 0.1 ps and τ = 1 ps.

C. Alignment of Graphene Flakes

The generated GFs are randomly oriented and, therefore,
to isolate the effect of shape on the extinction cross section
they need to be aligned with the electric field polarization of
the incident wave. The alignment is performed by rotating the
GFs until their radius of gyrations tensor, G, is diagonal and
Gx x ≥ Gyy ≥ Gzz [29]. This gyration tensor approach is
equivalent to fitting the GF within the smallest possible tri-
axial ellipsoid and then rotating the GF until the major axis
of the ellipsoid is aligned with the x-axis [29]. To clarify the
alignment process, Fig. 3(a) shows two randomly oriented SC
GFs. Fig. 3(a) clearly shows that the two GFs have random
orientations and they are aligned parallel to two different
directions. Fig. 3(b) shows the same two GFs after they were
aligned such that both GFs have their major axis parallel to
the x-axis. Unless otherwise specified, the incident wave will

Fig. 4. Extinction cross section of an SC GF calculated using the independent
solvers COMSOL (solid blue curve) and FEKO (dashed red curve).

always be in the negative z-direction, and the electric field will
be polarized in the x-direction for maximum coupling with
the aligned GF. The extinction cross section of both randomly
oriented and aligned GF will be presented in the following
section.

III. NUMERICAL RESULTS

Due to the complex nature of the shapes studied in this
paper, we performed the simulations twice using two inde-
pendent commercial solvers: 1) the MOM-based FEKO1 [36]
and 2) the FE-based COMSOL [37]. Fig. 4 shows the Cext of
a 92 μm2 SC GF based on a relaxation time τ = 0.1 ps in the
graphene surface conductivity equations (3)–(5). Fig. 4 shows
one example of the excellent agreement we obtained between
the Cext calculated using FEKO and the Cext calculated
using COMSOL. Other GFs shapes and sizes showed similar
agreement, which tends to validates our numerical results.

To investigate the effect of crumpleness on the electro-
magnetic response, Fig. 5 shows the Cext of a flat, SC,
and HC represented by blue, orange, and light yellow lines,
respectively. All the three GFs are of equal size 92 μm2,
equal conductivity, and equal relaxation time τ = 0.1 ps.
Moreover, they were all aligned with the x-axis and, therefore,
they only differed in their shape due to their different level
of crumpleness. In both FEKO and COMSOL, each GF was
simulated as a surface carrying an impedance as defined by (5).
Fig. 5 shows that the SC and HC GFs are both resonating at
a frequency similar to that of flat graphene. However, as we
progress from the flat to the HC GF, the peak amplitude of
the resonance decreases as the level of crumpleness increases.

To confirm this finding, we simulated ten different GFs,
in the SC category, to cover a wide range of shape variations.
All the shapes had the same area, 92 μm2, and a relaxation
time, τ = 0.1 ps. Fig. 6(a) shows the extinction cross

1Certain commercial equipment, instruments, or materials are identified
in this paper to foster understanding. Such identification does not imply
recommendation or endorsement by the National Institute of Standards and
Technology, nor does it imply that the materials or equipment identified are
necessarily the best available for the purpose.
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Fig. 5. Extinction cross section of (a) flat (dashed blue line), (b) SC (dashed
red line), and (c) HC GF (solid yellow line).

Fig. 6. Extinction cross section of ten 92 μm2 SC. (a) Randomly oriented.
(b) x-axis aligned GFs. In both subplots, the extinction cross section of a flat
GF for comparison. A relaxation time τ = 0.1 ps is assumed.

section of these randomly oriented GFs, whereas Fig. 6(b)
shows the same GFs after they are aligned with the x-axis.
Fig. 6(a) shows a wide variation in the peak amplitudes and the
resonance frequencies of the randomly oriented GFs. However,
when all the GFs are aligned with the x-axis, they all exhibited
very similar values of Cext, as shown in Fig. 6(b). Therefore,
Fig. 6(b) indicates that, for the level of crumpleness studied
in Fig. 6, Cext is more sensitive to the orientation of the GFs
than to its exact shape provided that all the GFs had approxi-
mately the same level of crumpleness. Moreover, in Fig. 6(b)
the aligned GFs resonated at a frequency very similar to that
of a flat GF. The SC GFs generated a lower value Cext than did
the flat GF both when they were randomly oriented, as shown
in Fig. 6(a), and when they were aligned, as shown in Fig. 6(b).
The importance of the results in Fig. 6 is that they show
that the crumpleness of a GF has a strong effect on their
electromagnetic response and, therefore, it needs to be taken
explicitly into consideration when interpreting experimental
measurements. For example, in many experiments the electro-
magnetic response from crumpled GFs is typically collected to
infer their conductivity. Once Cext is experimentally collected,
the conductivity of a single GF is typically backtracked using
various effective medium approximations. But if the GFs are
assumed to be flat and their crumpleness is neglected, then
their conductivity will be underestimated because the results

Fig. 7. Extinction cross section of ten 92 μm2 SC. (a) Randomly oriented
and (b) x-axis aligned GFs. In both subplots, the extinction cross section of
a flat GF for comparison. A relaxation time τ = 1 ps is assumed.

in Fig. 6(b) show that the crumpled GF generate lower values
of Cext than do flat GF with the same conductivity.

Fig. 7 repeats the simulations in Fig. 6, using the same
GFs and the same orientations, previously described, but for
a different relaxation time τ = 1 ps as in [16] and [30]–[34].
In comparison to Fig. 6, Fig. 7 shows narrower resonances
and larger peak amplitudes. This change in the resonances
can be explained by the fact that the distributed resistance
RG in (5) is inversely proportional to the relaxation time τ .
Therefore, increasing the relaxation time τ reduces the losses
in the GF, which increases the quality factor of the resonance
leading to larger peak amplitudes and narrower resonances.
The resonance frequencies in Fig. 7 were, however, similar
to those of Fig. 6 since the relaxation time does not affect
the distributed inductance LG which controls the resonance
frequency. All the GFs used in Figs. 6 and 7 are SC GFs.
The value of the persistence area, PA, remains the same
regardless of shape and size of GFs and it only depends on the
level of crumpleness. Therefore, PA = 0.64 for all SC GFs
in Figs. 6 and 7.

All the previous figures showed results for GFs with the
same size, 10 × 10 beads that correspond to a surface area
of 92 μm2, as described in Section II. To investigate the effect
of crumpleness on GFs with different sizes, Fig. 8(a) shows the
average peak amplitude of the first resonance for aligned GFs
of sizes: 10×10 spheres, 20×20 spheres, and 50×50 spheres
that correspond to a surface area of 92, 369, and 2304 μm2,
respectively. For each size, three categories are considered:
flat, SC, and HC. For each crumpleness category and size,
the average peak amplitude is calculated from ten different
shapes to capture a wide range of shape variations. Finally, two
relaxation times τ = 0.1 ps and τ = 1 ps were tested. Fig. 8(a)
shows that the average amplitude of the first resonance is
approximately ten times lower for the case of τ = 0.1 ps
than for the τ = 1 ps for all sizes and crumpleness categories.
Regarding the three crumpleness levels, it is clear that the
average peak amplitude of the first resonance decreases as the
GF become more crumpled for all sizes and relaxations times.
Fig. 8(a) indicates that the peak amplitude of Cext can be used
to infer the level of crumpleness of aligned GF flakes in an
experimental sample. The first resonance frequency of a GF
is strongly dependent on the size or the surface area of the
GF but weakly dependent on the level of crumpleness. That
is, as long as all the GFs have the same surface area they
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Fig. 8. (a) Average amplitude of first resonance of flat (solid black line),
SC (solid blue line), and HC (dashed red line) GFs. Each data point for the
SC and HC categories is calculated from the average of ten different shapes.
(b) Average frequency of the first resonance of flat (solid black line), SC
(solid blue line), and HC (dashed red line) GFs. Each data point for the SC
and HC categories is calculated from the average of ten different shapes.

will exhibit a similar first resonance regardless of their level
of crumpleness. Fig. 8(b) shows the average first resonance
frequency versus the size of the GFs for the three categories,
flat, SC, and HC. Fig. 8(b) shows that the 92 μm2 flat, SC
GFs, and HC GFs resonates on average at 1.083, 1.1068, and
1.1838 THz, respectively. Similarly, the average first resonance
frequency for the 369 μm2 GFs occurs at the similar values
of 0.7183, 0.7615, and 0.7236 THz for the flat, SC, and HC
categories, respectively.

Therefore, Fig. 8 shows the potential of electromagnetic
waves for the nondestructive evaluation of the geometrical
properties of graphene devices and composites. In the follow-
ing section, the CMA will be used to understand more clearly
how the fundamental modes of the GF vary with the shape.

IV. CHARACTERISTIC MODE ANALYSIS

A. Basic Theory of CMA

CMA has been used extensively in antenna
design [38]–[40]. Recently, CMA was also employed to
quantify the electromagnetic scattering characteristics of car-
bon nanotubes with realistic shape [29]. The basis of the CMA

Fig. 9. (a) Total extinction cross section and (b) modal significance of a
10 μm × 7 μm flat GF. A relaxation time τ = 1 ps is assumed. Modes 1, 2,
and 3 in subplot (b) are represented by solid blue line, dashed red line, and
dotted black lines, respectively.

is to solve an eigenvalue problem to extract the fundamental
modes, also termed eigen-currents, for each GF. The
eigenvalue problem typically requires the calculation of
the MOM impedance matrix, Z , and solving the following
eigenvalue equation:

X Jn = λn R Jn (7)

where X and R are the imaginary and real part, respectively,
of the MOM impedance matrix Z , Jn are the modes or eigen
currents, and λn are the eigenvalues. The eigenvalue prob-
lem (7) is solved, for each frequency, using the proce-
dure detailed by Harrington and Mautz [22]. In this paper,
the MOM impedance matrix was extracted from the FEKO
solver. The accuracy of FEKO’s MOM impedance matrix
has been reported in a wide variety of applications [36].
The characteristic modes were then extracted from FEKO’s
MOM impedance matrix using an in-house code based on
Harrington et al.’s formulation detailed in [26]. The validity of
our in-house code was described in our previous work where
the CMA of CNTs with realistic shapes was performed [29].

The total surface current, I , flowing on the surface of a GF
can be expressed in terms of the eigenvalues λn and the eigen
currents Jn as follows:

I =
∑

n

Vn Jn

(1 + jλn)
(8a)

Vn =
∫∫

Jn · Eids (8b)

where Vn is termed the modal excitation coefficient, which
describes the level of coupling between the incident electric
field and the mode Jn . If Vm is large for a particular mode m,
this means that the incident field is capable of exciting the
mode m and that it will be strongly expressed in the total cur-
rent I . Moreover, the modes also depend on the magnitude of
1/|1 + jλn| which is termed the modal significance MSn [38].
The parameter MSn varies with frequency, but it does not vary
with the excitation or the incident wave properties, since it
represents the relative influence of the mode at a particular
frequency. Therefore, if mode m has a high MSm at a particular
frequency, it will dominate the other modes with lower MSn

values. This dominance means that the total current on the
GF, at this frequency, will be composed primarily of a scaled
version of the eigen current Jm .
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Fig. 10. Eigen currents of a 10 μm × 7 μm flat GF. (a)–(f) Correspond to modes 1–6, respectively.

B. CMA Analysis of Flat GF

To explain the results in the previous section, we start by
examining the CMA of a flat GF. All the GFs studied in
the previous section, even the crumpled ones, where square
shaped meaning that the number of carbon atoms across
each of the four edges was the same. However, as the
level of crumpleness increases, the geometrical symmetry
breaks down causing the horizontal and vertical modes to
deviate. Therefore, we start by studying a flat rectangular GF,
10 μm ×7 μm, as a simple geometry where the vertical and
horizontal directions differ. In all the results in this section,
we use the relaxation time τ = 1 ps since it exhibits narrower
resonances than the τ = 0.1 ps and, therefore, adjacent modes
will be easier to resolve. Also, unless otherwise specified,
the excitation will be a plane wave propagating in the negative
z-direction and the electric field will be polarized along the
x-axis. Fig. 9(a) shows the extinction cross section Cext of
the 10 μm × 7 μm flat GF, where it shows a clear resonance
at 0.9779 THz. This resonance frequency is different from
the cases in Section III, because all the GF in Section III
had a surface area of 92 μm2. Fig. 9(b) shows the modal
significance MSn of the first three modes of the 10μm×7 μm
flat GF. These three modes resonate at 0.9779, 1.267, and
1.363 THz. The resonance frequency of mode 1, in Fig. 9(b),
closely resembles the resonance frequency of Cext, in Fig. 9(a),
indicating that the resonance in Cext is primarily due to
mode 1. Moreover, Fig. 9(a) does not show resonances that
correspond to the resonance frequencies of modes 2 and 3 for
a square GF. To understand why mode 1 was excited and
modes 2 and 3 were not excited by the incident wave in Fig. 9,
Fig. 10 shows the first six modes, Jn , of the 10μm × 7 μm

flat GF. For a mode to be excited, it has to exhibit a large
modal excitation coefficient Vn as described by (8b). This is
the term in the CMA which describes the coupling between
the incident electric field and the mode. A large Vn is obtained
when the direction of the mode or eigen current, throughout
the GF, is aligned with the direction of the incident electric
field. This alignment will lead to a large dot product in (8b)
and, therefore, a large modal excitation coefficient Vn for that
mode. This was the case for mode 1 in Fig. 10(a) where it is
clear that the eigen currents were pointing in the x-direction
throughout the majority of the GF which is the same direction
as the incident electric field. Since this mode is excited, we see
a resonance in Cext in Fig. 9(a) at the same frequency where
the modal significance for mode 1, MS1, exhibits a resonance.

However, a mode will not be excited if it exhibits a low
modal excitation coefficient Vn . This can happen primarily in
two ways. In the first case, the eigen current is perpendicular
to the incident electric field throughout the majority of the
GF. This will cause the dot product in (8b) to fall to zero.
For example, in mode 2 in Fig. 10(b) the eigen currents
are oriented parallel to the y-axis throughout the majority of
the GF perpendicular to the x-aligned incident electric field.
One way to excite mode 2 is to rotate the direction of the
incident electric field to the y-direction. In this case, the dot
product between the incident electric field and the second
eigen current, J2, will have a large value and, therefore, the
modal excitation coefficient V2 will be large. In this case,
mode 2 will be excited, mode 1 will be suppressed, and the
resonance of Cext in Fig. 9(a) will shift to 1.267 THz, which
is the resonance frequency of the second mode, as shown
in Fig. 9(b). The second case that can exhibit a low modal
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Fig. 11. Eigen currents of a 10 μm × 7 μm C-shaped GF. (a)–(f) Correspond to modes 1–6, respectively.

excitation coefficient, Vn , is when the eigen-current arrows are
aligned with the general direction of the incident electric field
but with varying polarity, i.e., pointing in the same direction as
the incident electric field over parts of the GF and pointing in
the opposite direction over other portions. Therefore, the dot
product in (8b) will be positive over some portions of the GF
and negative over other portions and when the contributions
from all segments of the GF are summed up, they will cancel
causing the modal excitation coefficient to drop to zero. This
is the case for mode 4 in Fig. 10(d), where the eigen currents
are oriented to the left (negative x-direction) over half of the
GF and to the right (positive x-direction) over the other half,
which will cancel out the integration in (8b) leading to a
negligible V4. Fig. 10(c), (e), and (f) represents modes 3, 5,
and 6, respectively. These modes will not be excited, because
they exhibit low modal excitation coefficients; V3, V5, and
V6; similar to V2 and V4 previously described. However, these
higher order modes are presented to show the complex patterns
that can be exhibited by the interaction of the horizontal and
the vertical modes on a rectangular-shaped GF. Formulas that
describe the eigen currents or modes for rectangular perfectly
conducting patches have been reported by Wu and Su[41].
These formulas show qualitative agreement with the mode
behavior shown in Fig. 10 calculated from a rectangular GF.

C. CMA Analysis of a C-Shaped GF

As an example of a case where the higher order modes can
be excited, Figs. 11 and 12 study the same 10μm × 7 μm
GF bent into a C-shape. In Figs. 10 and 11, the straight
edge is 7μm long, and the curved edge is 10μm long. The
first six modes of the C-shaped GF are shown in Fig. 11.
By comparing Figs. 10 and 11, it is clear that the modes did
not vary significantly from bending the GF into a C-shape.
The only difference is that the modes in Fig. 11 are impressed
on a curved surface instead of the flat surface in Fig. 10.

Fig. 12. (a) Total extinction cross section using two independent solvers
COMSOL and FEKO and (b) modal significance of a 10 μm × 7 μm
C-shaped GF. A relaxation time τ = 1 ps is assumed. Modes 1–5 in (b) are
represented by a solid blue line, a dashed red line, a dotted black line, a solid
green line, and a (+) brown line, respectively.

Using the same excitation as the flat GF in Fig. 9, the first
resonance of the C-shaped graphene is obtained at 1.64 THz,
as shown in Fig. 12(a) which is different from the resonance
frequency of the flat 10μm × 7 μm GF in Figs. 9 and 10.
The reason for this difference in the resonance frequency
is that in the C-shaped case the first three modes were not
coupled with x-polarized incident plane wave and, therefore,
they yielded low values for V1, V2, and V3 as defined in (8b).
The first eigen-current in Fig. 11(a) is not coupled, because
it is maximum at the center of the C-shaped GF, where it is
directed parallel to the z-axis and, therefore, it is perpendicular
to the x-polarized incident field. The second eigen current
in Fig. 11(b) is parallel to the y-axis and, therefore, it is
also perpendicular to the x-polarized incident plane wave.
Similarly, the third eigen current in Fig. 11(c) does not couple
with the incident wave. In the case of the flat GF, the fourth
eigen current in Fig. 10(d) was oriented toward the negative
x-axis for half of the GF and toward the positive x-axis for the
other half. Hence, the modal significance V4 in (8b) canceled
out. However, bending the GF into a C-shape caused the fourth
eigen current to point toward the positive x-axis throughout
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Fig. 13. Modal significance of the first three modes of a single (a) flat, (b) SC, and (c) HC. A relaxation time τ = 1 ps is assumed. In three subplots,
modes 1–3 are represented by a solid blue line, a dashed red line, and a dotted black line, respectively.

the GF, as shown in Fig. 11(d), leading to a significant V4 and
a corresponding resonance in Cext, as shown in Fig. 12(a). It is
important to emphasize that the C-shaped GF had the same
area, conductivity, and excitation as the flat rectangular GF.
Therefore, the results in Figs. 9–12 indicate the importance
of studying the shape and orientation of a GF, and they
also show that the usefulness of the CMA in explaining the
electromagnetic scattering characteristics of GFs.

Furthermore, the results in Figs. 11 and 12(b) validate our
CMA procedure. That is, the CMA in Figs. 11 and 12(b)
shows that modes 1–3, which resonate at a frequency below
1.64 THz, should not contribute to the extinction cross section
for this specific excitation. However, mode 4, which resonates
at 1.64 THz, should contribute to the extinction cross section.
The extinction cross sections, calculated using both FEKO
and COMSOL, follow precisely the CMA predictions by
showing no resonances below 1.64 THz and showing the first
resonance at precisely 1.64 THz. The close agreement between
the extinction cross section calculated using the independent
solver COMSOL in Fig. 12 and the CMA predictions validates
our CMA procedure.

In summary, the significance of the results in Figs. 9–12 is
that they show the fundamental modes that a scatterer like a
GF can exhibit. Each mode has a different current distribution
and, therefore, a different electromagnetic response. If the
electromagnetic response from a specific mode is desired,
the shape/size of the GF and the incident excitation can be
tuned such that only this mode is excited. Therefore, the mode
analysis in Figs. 9–12 provides information that can be used to
design grapheme-based sensors with optimized performance.

D. CMA Analysis of Crumpled GFs

Moving on to more complex shapes, we perform the CMA
of a 92 μm2 square shaped flat GF, a 92 μm2 SC GF, and
a 92 μm2 HC GF. The MSn for the first three modes is
shown in Fig. 13(a)–(c) for a flat, an SC, and an HC GF.
It is important to emphasize that the modal significance MSn

does not depend on the direction of the incident wave or the
direction of the incident electric field. However, MSn shows,
at each frequency, the relative importance of each mode which
is controlled only by the shape and material composition of

Fig. 14. Eigen currents of HC Graphene. (a) Mode 1. (b) Mode 2.

the scatterer. The dependence on the excitation is entirely
determined by the modal excitation coefficient Vn in (8b).
Therefore, one of the main advantages of the CMA is that
it isolates the dependence on the incident excitation in Vn .
For the flat GF in Fig. 13(a), modes 1 and 2 overlap due to
the symmetry in the square-shaped GF. That is mode 1 will
exhibit horizontal currents similar to Fig. 10(a) and mode 2
will exhibit vertical currents similar to Fig. 10(b) but both
modes resonate at the same frequency because the GF has the
same length and width. In Fig. 13(b), modes 1 and 2 start to
separate as the GF becomes crumpled and the symmetry in
the vertical and horizontal direction breaks down. Similarly,
in Fig. 13(c), the GF becomes more crumpled, diminishing the
vertical and horizontal symmetries, and causing the separation
between mode 1 and mode 2 to increase.

To highlight the separation of the horizontal and vertical
modes, Fig. 14(a) and (b) shows modes 1 and 2 for an HC GF
in Fig. 13(c). From Fig. 14(a) and (b), it is clear that the first
mode has a general horizontal orientation and the second mode
has a general vertical orientation. However, the crumpleness
broke the symmetry leading to small differences in modes
1 and 2 shown in Fig. 14(a) and (b), respectively. Fig. 15 shows
the extinction cross section of a HC GF due to three different
electric field directions. This is the same HC GF that was used
in Figs. 13(c) and 14. For the HC GF, the horizontal mode
1 and the vertical mode 2 are well separated. The incident
electric field is oriented parallel to the x-axis in Fig. 15(a),
parallel to the y-axis in Fig. 15(b), and at a 45° angle with
the x-axis in Fig. 15(c). Therefore, in Fig. 15(c) the excitation
has both an x and y electric field component. The resonance
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Fig. 15. Total extinction cross section of crumpled GF when incident field is along (a) x-axis, (b) y-axis, and (c) at 45° with x-axis.

in the Cext in Fig. 15(a) is at 1.163 THz showing that only the
horizontal mode 2 was excited. In Fig. 15(b), the resonance
is at 1.076 THz showing that only the vertical mode 1 was
excited. Fig. 15(c) shows a broader resonance than both
Fig. 15(a) and (b) since the electric field in this case had
both a horizontal and a vertical component and, therefore,
it was capable of exciting both the horizontal and vertical
modes 1 and 2. Since these two modes resonated at two
different frequencies, a broad resonance in Cext is achieved
which covers the two resonance frequencies in Fig. 13(c).
The separation of mode 1 and mode 2 can explain, in part,
the broadband response in the Cext of the randomly oriented
HC GF in Figs. 6(a) and 7(a).

The significance of the results in Fig. 15, is that it can
also lead to a more accurate interpretation of the electro-
magnetic response from GF. For example, if the GF in an
experimental sample generate a broadband response similar
to that in Fig. 15(c) but they are assumed to be perfectly flat
then the relaxation time, τ , in the conductivity expression (4b)
might be interpreted to be larger than what it actually is. This
overestimation of τ stems from the fact that the larger the
relaxation time, the broader the resonance, as can be seen
from comparing Figs. 6(b) and 7(b).

On the other hand, the results in Fig. 15 show that crum-
pleness is an additional degree of freedom that can be used to
develop sensors with a desired electromagnetic response. For
example, if sensors with varying bandwidth are desired, then
we can introduce crumpleness in varying degrees to a GF to
vary the separation between the vertical and horizontal modes
similar to Fig. 15(c). The results in Fig. 15 demonstrated
the versatility of CMA in studying and using crumpleness to
achieve a desired electromagnetic response.

V. CONCLUSION

In this paper, we studied the electromagnetic response
of individual crumpled GFs and how this electromagnetic
response varies with the following parameters: 1) the level
of crumpleness, 2) the size, and 3) the relaxation time in
the intraband drude conductivity model of the GFs. GFs with
different levels of crumpleness were generated using a coarse-
grained MD simulations calibrated to generate shapes similar
to those found in actual samples. The simulations showed that
crumpled GFs with random orientation and random shapes
exhibited wide variations in their total extinction cross section

spectrum. However, when GFs with different shapes but with
the same size and the same level of crumpleness were aligned,
they showed similar total extinction cross sections. These
results show that, for the same level of crumpleness, the elec-
tromagnetic response is more sensitive to the orientation of
the GFs than to its exact shape. When the total extinction
cross section of crumpled GFs was compared to that of a
flat GF, with the same size and conductivity, it was clear that
the peak amplitude of the resonance decreased as the level of
crumpleness increased.

The results also showed that for certain orientations of
crumpled GFs, broadband response is exhibited in comparison
to a perfectly flat GF. These results are explained using
CMA, which calculates the fundamental modes that a GF
can exhibit. CMA quantifies the dependence of each mode
on the frequency of the incident wave and also determines
which modes will be excited due to a specific electric field
polarization. Using this information, we presented several
examples by which the incident electric field or the shape of
the GFs can be varied to excite a certain mode and, therefore,
achieve a resonance in the total extinction cross section at a
desired frequency. The CMA also shows that as square GFs
become more crumpled, the symmetry between the horizontal
and vertical directions breaks down, causing the resonance
frequency of the horizontal and vertical modes to separate. If a
GFs is oriented in a certain way, with respect to the incident
electric field, both the horizontal and vertical modes can be
excited explaining the broadband response achieved in some
of the results.

In summary, the main contribution of this paper is that it
shows that it is important to explicitly account for crumpleness
in GFs when interpreting experimental measurements from
graphene-based devices and composites. The assumption that
the GFs are perfectly flat, when they are actually crumpled,
can lead to erroneous conclusions about the properties, such as
the conductivity, of the GFs. On the other hand, this paper also
shows that varying the crumpleness in a GF has the potential to
be used, in conjunction with CMA, as a new degree of freedom
to develop novel graphene-based devices and sensors.

Extreme levels of crumpleness can affect the electron trans-
port properties of the GF. This disturbance in the electron
transport properties can affect the relaxation time in the
drude model expression for the GF’s surface conductivity.
However, to the best of our knowledge, there is no reported
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data in the literature that correlate variations in crumpleness
with variations in the relaxation time. Moreover, GFs with
high levels of crumples can exhibit nonhomogeneous conduc-
tivities. The variations in the relaxation time and the surface
conductivity of a GF with respect to the level of crumpleness
will be the focus of our future work. Moreover, GFs with non-
homogeneous conductivities will also be studied to investigate
how the characteristic modes of GFs with nonhomogeneous
conductivities will differ from those of GFs with homogeneous
conductivities.

APPENDIX

COARSE-GRAINED MOLECULAR

DYNAMICS GRAPHENE MODEL

GFs with different crumpleness levels were generated by
modulating the forces between the spheres representing the
GFs shown in Fig. 1(a). The steric repulsion among all
the spheres was obtained by their interaction through a
Weeks–Chandler–Andersen potential [42]

UW C A(r)

= UL J (r) − UL J (rC ) − (r − rC )
dUL J (r − rC )

dr

∣∣∣∣
r=rC

(A1)

where r is the separation between two spheres, and rc is a
cutoff distance for the potential. The parameter ULJ is the
Lennard-Jones (LJ) potential

UL J (r) = 4ε

[(σ

r

)12 −
(σ

r

)6
]

if r < rc. (A2)

In (A2), σ is the length LJ parameter, and we set rc = 21/6σ ,
σ is the center to center distance between two adjacents, ε is
the LJ energy parameter and, in this paper, we fix σ = 1 μm
and ε = 1 kJ/mol. Our GFs model is an extension of
the popular Kremer and Grest model [43] of semiflexible
polymeric chains [42] to a 2-D polymer counterpart.

To obtain the connectivity along the GFs, the nearest beads
along the square lattices were linked by a finitely extensible
nonlinear-elastic potential (UFENE)

UFENE(r) = −kFENE R2
o

2
Log

[
1 −

(
r

Ro

)2
]

(A3)

where kFENE = 30ε and R0 = 1.5σ .
To control the intrinsic stiffness of the GFs, we utilized two

angular potentials . First, we introduce a linear potential along
the x and y directions

Ulinear−x = klinear−x (1 + cos(θ)) (A4)

Ulinear−y = klinear−y(1 + cos(θ)) (A5)

where θ is the angle formed by three consecutive spheres along
each direction, i.e., in the x-direction, the triplet of beads
numbered (1, 11, 21) or (11, 21, 32), or in the case of the
y direction, (1, 2, 3) or (2, 3, 4) as labeled in Fig. 1.

In this paper, we only considered the isotropic case
klinear−x = klinear−y = klinear. The second angular potential
was given by the expression

Uperp(α) = kperp

2

(
α − π

2

)2
(A6)

where α is the angle formed by three neighboring beads;
two beads that belong to one chain, and one bead of
the nearest chain, i.e., the triplet (1, 2, 12) or (1, 11, 12)
or (2, 12, 11) or (2, 1, 11) (see Fig. 1). We vary klinear and
kperp to generate SC and HC GF, as shown in Fig. 2.

The spheres composing the GF were allowed to move
by integrating the Newtownian equations of motion for
the interaction potentials above by using a two level,
three-cycle velocity-Verlet version of the rRESPA multi-
ple time-step algorithms considering NVT ensembles [44].
The temperature T was controlled using the Nose–Hoover
method [45], [46]. The simulations were carried out using the
program LAMMPS [47]. The GF were only extracted after
a time >106 time steps to ensure that the GF spheres had
reached equilibrium.

In this paper, we used klinear = kperp = 0.1 ε, to generate
GFs with a PA = 0.28 which was termed as HC GF and
we used klinear = kperp = 10.0 ε, to generate GF having a
PA = 0.64 that was termed as SC GF.
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